Deciphering Gédel

Jan von Plato
University of Helsinki

Abstract. The Godel papers contain several thousand pages of
notes on results in logic and foundations. The main part of these,
some 1700 pages, were written in 1940-42, but their contents have
been hidden behind the veil of an archaic, forgotten German
shorthand. After a description of the shorthand, its deciphering, and
the nature of the sources, three examples of results will be discussed.
Two of them are cleared by methods somewhat different from those
of Gddel. The third one is a claim shown to be false by a
counterexample, the correction of which leads to a surprising new
result on the relation between classical and intuitionistic logic.
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of consonants

-Machine reading harder by orders of magnitude than standard
handwriting (courtesy Chrome Al mode):

The primary paradox in handwriting recognition is known as
Sayre’s Paradox, which dictates that a handwritten cursive word
cannot be recognized without being segmented into individual
letters, yet it cannot be correctly segmented into letters until the
whole word is recognized.



Part |: Principles of shorthand writing

-A phonetic notation designed to be clearly faster than ordinary
speech

-Consonants written, vowels indicated by modifying the writing
of consonants

-Machine reading harder by orders of magnitude than standard
handwriting (courtesy Chrome Al mode):

The primary paradox in handwriting recognition is known as
Sayre’s Paradox, which dictates that a handwritten cursive word
cannot be recognized without being segmented into individual
letters, yet it cannot be correctly segmented into letters until the
whole word is recognized.

-Reading of shorthand is in part an analytic process of figuring
out the consonants, in part a synthetic view of a sentence and
the words in it as a whole
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Problems with Godel

-undisciplined writing

-often just formulas page after page

-at its worst: horrendous pages with cancellations and additions
-at its best: orderly writing with practically no changes
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188

1./1.1941
Each function of the properly intuitionistic system is computable
Definition. The formal system laid as a basis is the one of Arbeitsheft
7, reverse direction page 34 [with a fixed numbering of the defined
constants].
Definition. A constant expression?® 21 of level 0 is called computable
if there exists a numeral # such that

2 = n is provable
A constant expression B of level &y is called computable if there
exists, for each (type-wise) suitable complete argument series of
constant expressions 2; . .. %,, a numeral n such that

B(2A;...2,) =n is provable?!
(The expressions 2; . .. 2, belong to the sets & + - - - + &p.)
Theorem 48. If B and 2; ... 2, are computable and 2; ... 2, a suit-
able argument series, then also B(2; . ..2l,) is computable.
Proof. Because each suitable complete argument series of comput-
able constant expressions for this expression gives together with
i ...2A, a complete suitable argument series of computable con-
stant expressions for 9. Therefore there exists a numeral n such
that the equation is provable.
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namely Cantor’s continuum hypothesis about the cardinality of real numbers, and
secondly the consistency of the theory of real numbers and functions. By 1940, h
was halfway through the first problem, in what was his last publuhed result in logic
and foundations. His
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Part I: Grundziige des Logik-Kalkiils

Hs 973:218 Vorlesung Sommer 1934
Erste Vorlesung’

Wenn wir schnell in die mathematische Logik und ihre Beziehung
zur Mathematik hineinkommen wollen, so empfehlt es sich, dass
wir uns an diejenige Art der Anwendung logischer Formeln hal-
ten, auf welche die mathematische Logik in ihrer fritheren Form
sozusagen zugeschnitten ist. Das ist die axiomatische Form [added:
oder Axiomatik] der Behandlung einer Theorie. [Written above and
between the lines of the last sentence: Diese ist am ausgepragtesten
in der Form, die sie durch Weierstrass Cantor Dedekind erhalten
hat, Analysis, die Mengenlehre, die moderne Algebra.]

Wir haben da eine Gattung oder mehrere von Dingen (Individu-
en). Zu jede Gattung gehért ein Individuen-Bereich, ferner gewisse
Grundpridikate und Grund-Beziet 1 in Hinsicht auf der die
Dinge betrachtet werden.

Es werden gewisse Aussagen tiber diese Grundprédikate (Grund-
beziehungen) als Axiome vorangestellt und aus diesen andere lo-
gisch gefolgert, das geht so, dass dabei nichts anderes benutzt wird
als eben die voran gestellten Axiome.

Das klassische Beispiel einer in dieser Weise ausgebildeten The-
orie ist die Geometrie, und zwar kénnen wir uns hier auf die Geo-
metrie der Ebene beschrinken und brauchen auch von dieser nur
diejenigen Beziehungen zu betrachten, welche die Lageverhaltnisse
von Punkte und Geraden und die Anordnung von Punkte auf den
Geraden betreffen.

2
Ehe wir uns dieses genauer vornehmen sollen, seien zunéchst ein
Paar Vorbemerkungen angebracht.

1. Historisch: Die Art der Axiomatik, wie wir sie betrachten, stimmt
nicht mit derjenigen bei Euklid iiberein, und zwar aus zwei ganz

! Original page numbering begins with the second lecture.
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Formulas: Sitterlin to Fraktur
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The Siitterlin alphabet was still taught at the Deutsche Schule Helsinki
around 1960. This illustration with the title Buchstabenbilder and beautiful
handwritten Siitterlin letters is from the author’s personal copy of the book
of readings Lebendige Sprache. Ein Wegweiser in die Muttersprache (part 2
for the third and fourth school-years), written by Hans Schorer and Albert
‘Wiechmann and published by Verlag Moritz Diesterweg (tenth printing,

1050).



Formulas: Sutterlin to Fraktur

ULS9
& Y
a B a 2] [B]
g&g“ 91\%[%0’ [%] ¢ [ﬁ]
AE a OE 7
A £ . [
€ becomes: € £ into: 5

(it is quite analogous with the other form of AF resp. OI.)

O (E)
D&gu) q? [Po] [ & }
o & o () Ba
(r)% B a(zé) EoPe € v(ea)
mg into: ‘}g g into: €
—
[?Yl]
S 3 f 5 [Qﬂ
2 27 Vg %
? into: €

It requires some considerations to see to it that a correct proof is in fact
produced in each case. I shall refrain from the exact realization, because I
will not make any use of these facts, but rather present them for the sake of
intuitiveness. —
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Saved from the Cellar

Gerhard Gentzen is best known for his development of the proof systems of natural
deduction and sequent calculus, central in many areas of logic and computer science

today
created by Godel's incompleteness results, especially the second one about the
y Gentzen
dedicated the restof his short ife o the main problem of Hilbert's proof theory, the

professars of the German University of Prague snd died soon afterward of starvation
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decades later two sl folders of shorthand notes were found. In this volume, Jan von.
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PART II: The texts deciphered, what then?

Three examples:

1. A decision method for positive logic

2. The modal interpretation of intuitionistic logic
3. "The constructively strongest formula”



. Positive propositional logic

-Separate out the logical principles about implication, an idea of
Paul Bernays

-The axioms of implication found already in Frege’s
Begriffsschrift:

1. A>(Bo A)

2. (A>(A>B))>(A>B)
3.(A>(B>C))>(B>(A>0))
4. (AoB)>((B>C)>(A>0))



. Positive propositional logic

-Separate out the logical principles about implication, an idea of
Paul Bernays

-The axioms of implication found already in Frege’s
Begriffsschrift:

1. A>(Bo A)
2. (A>(A>B))>(A>B)
3.(A>(B>C))>(B>(A>0))
4. (AoB)>((B>C)>(A>0))

-We can add negation to the language if we define:
~A=zA>o 1



Hertz systems

-By Paul Hertz, Géttingen mathematician, 1922

-Gentzen'’s first work about Hertz systems, 1932, introduced the
notion of Cut:

r-b bA->c
NA—->c

ut
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Gddel’s work on positive propositional logic:

-Resultate Grundlagen pp. 66—78

- 11-page addition of proofs to previous

-the Logik und Grundlagen series: pp. 295-302, 333—-334,
336339, 340-348, 361-362

Most of this was written soon after Godel arrived in Princeton
for good, March 1940



System NDL

-From the Notre Dame Lectures on Logic:
1. Initial sequents

2. Weakening

3. Right implication

ATl - B
r—>ADBRD

4. Modus Ponens:

Fr-A>B [T - A
r- B

MP



Note that rule MP has shared contexts. Without them, we
would have as in Gentzen’s cut rule:

Fr-A>B A->A
NA—-B

-the latter follows from the former by Weakening

-the former follows from the latter by the rule of Contraction:
A AT —>B

TAT-B "



The four axioms of implication are provable in NDL:

-Easy for axioms 1, 3, 4

- By a "hair’s breadth" for axiom 2:
1.A>(A>B)->A>(A>B) initial sequent
2. A-A initial sequent



The four axioms of implication are provable in NDL:

-Easy for axioms 1, 3, 4

- By a "hair’s breadth" for axiom 2:
1.A>(A>B)->A>(A>B) initial sequent
2. A-A initial sequent
3.A>(A>B),A-A>(A>B) from1 by Wk
4. A>(A>B),A-> A from 2 by Wk



The four axioms of implication are provable in NDL:

-Easy for axioms 1, 3, 4
- By a "hair’s breadth" for axiom 2:

1.A>(A>B)->A>(A>B) initial sequent
2. A-A initial sequent
3.A>(A>B),A-A>(A>B) from1 by Wk
4. A>(A>B),A-> A from 2 by Wk
5.A>(A>B),A—- A>B from 3 and 4 by MP
6. A>(A>B),A-B from 5 and 4 by MP



The four axioms of implication are provable in NDL:

-Easy for axioms 1, 3, 4
- By a "hair’s breadth" for axiom 2:

1.A>(A>B)->A>(A>B) initial sequent
2. A-A initial sequent
3.A>(A>B),A-A>(A>B) from1 by Wk
4. A>(A>B),A-> A from 2 by Wk
5.A>(A>B),A—- A>B from 3 and 4 by MP
6. A>(A>B),A-B from 5 and 4 by MP
7.A>(A>B)->AoB from 6 by R>
8. > (A>(A>B))>(A>B) from 7 by R>



Let’'s compare this to a derivation with independent context MP:
1.A>(A>B)—>A>(A>B) initial sequent

2. A- A initial sequent
3.A>(A>B),A- A>B from 1 and 2 by MP-indep

4. Ao (A>B),A/A-B from 3 and 2 by MP-indep



Let’'s compare this to a derivation with independent context MP:
1.A>(A>B)—>A>(A>B) initial sequent

2. A- A initial sequent
3.A>(A>B),A- A>B from 1 and 2 by MP-indep
4. Ao (A>B),A/A-B from 3 and 2 by MP-indep

The only way to proceed is to apply rule Citr



Godel’s rule MP is in fact equivalent to shared-context Cut:

-Assume R> has been applied:

1. Al-B assumed
2.'-A>-B from 1 by R>
3.T-A assumed

4.T->B from 2 and 3 by MP

Shared-context cut gives:

r-A Alr-B
r-B




Godel’s rule MP is in fact equivalent to shared-context Cut:

-Assume R> has been applied:

1. Al-B assumed
2.'-A>-B from 1 by R>
3.T-A assumed

4.T->B from 2 and 3 by MP

Shared-context cut gives:

r-A Alr-B
r-B

Gentzen invented cut elimination to have derivations with the
subformula property.

Herbrand came very close to this in his formulation of a logical
calculus without MP,



Godel’'s PAL

From RG:

1. Initial sequents
2. Weakening

3. Cut

r-A AA- BC
rA—B L
4. Right implication
ATl ->B
Fr-A»> BF”D

5. Ground sequents

A>BA-B



MP and GS are equivalent in the presence of Cut:

GS
r-A>B A-B,A-B

r>A AK~B Cut
rrT—B u
1. AoB-A>B
2. A- A
3.A>B,A-B

There is a further variant in one Arbeitsheft:
-take the inverse of R> as a rule

-applyitto A>B->Ao-B

-resultis GS A>oB,A- B



Godel’s method in RG:

- take the sequent to be derived, e.g., p> (g > p) and all its
subformulas

-form initial sequents with all the subformulas

-add instance of GS with all the subformulas

-apply Wk, Cut, and R> to these, i.e.

Closure of initial and ground sequents under the three rules



Example: derivation of p> (g > p)

1.p—>p initial sequent
2. p,g—>p from 1 by Wk
3.p>qgop from 2 by R>
4. - po(gop) from3byR>



Example: derivation of p> (g > p)
1.p—>p initial sequent
2. p,g—>p from 1 by Wk
3.p>qgop from 2 by R>
4. - po(gop) from3byR>

Second example: derivation of (p> (p>2q))2(p>Qq)

1.p2(p2q).p—~p>q GS
2.p29,p~>q GS



Example: derivation of p> (g > p)

1.p—>p initial sequent
2. p,g—>p from 1 by Wk
3.p>qgop from 2 by R>
4. - po(gop) from3byR>

Second example: derivation of (p> (p>2q))2(p>Qq)

1.p2(p2q).p—~p>q GS

2.p29,p~>q GS
3.p2q.p>(P>2q),p~>q from 2 by Wk

4. p>(p>q),p—q from 1 and 3 by Cut
5.po(p2q)—>p>oq from 4 by R>

6. >(p>(p>9))>(p>q) from5byA>

It is seen that the Cut on line 4 is one with shared contexts



Example: derivation of p> (g > p)

1.p—>p initial sequent
2. p,g—>p from 1 by Wk
3.p>qgop from 2 by R>
4. - po(gop) from3byR>

Second example: derivation of (p> (p>2q))2(p>Qq)

1.p2(p2q).p—~p>q GS

2.p29,p~>q GS
3.p2q.p>(P>2q),p~>q from 2 by Wk

4. p>(p>q),p—q from 1 and 3 by Cut
5.po(p2q)—>p>oq from 4 by R>

6. >(p>(p>9))>(p>q) from5byA>

It is seen that the Cuton line 4 is one with shared contexts
What is the justification of the restriction to subformulas?

Derivations with Cut need not have the subformula property!



Cut elimination for PAL

1. Take uppermost cut
2. Initial sequents and weakening handled the usual way

3. If right premiss derived by R>, permute as in

ut

C,A,A—>BR r-c C,AA-B
r-c C,LA-A>B " AT,A>B
rA-AsB  cut A-ASB

Repeat until right premiss an instance of GS



3.1. Left premiss derived by R>, two cases:
3.1.1.

ATl-B
r>A-B'"° A:&A»BC
AT—B ut
3.1.2.
ATl->B

r>AsB"° (A5B)>C,A>B-C
(A>B)>C,IT->C

Cut



3.2. Left premiss an instance of GS, again two cases:
3.2.1

A>B,A-B BDC,B—>CC
A>B,B>C-C ut

3.2.2.
A>(B>C),A-B>C BoC,B-C

A>(B>C),AB>C

Cut



3.2. Left premiss an instance of GS, again two cases:

3.2.1

A>B A-B B>(C,B-C
A>B,B>C—-C

ut

3.2.2.
A>(B>C),A-B>C BoC,B-C

A>(BoC),AB-C
Cuts remain in derivations so we have to consider a cut that

hits an uppermost one.
This can be done but | won’t give the details here.

Cut



Godel gave Cut with independent contexts but used one with
shared ones. These cannot be permuted: no cut elimination.



Godel gave Cut with independent contexts but used one with
shared ones. These cannot be permuted: no cut elimination.

With independent contexts, Ctr must enter as an explicit rule,
with the problem:
AAA->C
r~A Ar.a-cor
ASC Cut




Godel gave Cut with independent contexts but used one with
shared ones. These cannot be permuted: no cut elimination.

With independent contexts, Ctr must enter as an explicit rule,
with the problem:

AAA—)CC
r~A AT.A > CC
ASC ut

The transformation would be:

r-A AAA-C

r- A AA-C
rr,A-cC
rA-C

The size of derivation of the right premiss of the last cut has
grown.

Cut

Cut



Godel gave Cut with independent contexts but used one with
shared ones. These cannot be permuted: no cut elimination.

With independent contexts, Ctr must enter as an explicit rule,
with the problem:

AAA—)CC
r~A AT.A > CC
ASC ut

The transformation would be:

r-A AAA-C

r—A AA-C
rr,A-cC
NnaA-C

The size of derivation of the right premiss of the last cut has
grown.

Cut

Cut

Note that derivations of the premisses of an uppermost cut are
linear, so if there is there a duplication it is even in a top
sequent.



Conclusions:

There is no trace of Gddel having understood the significance
of cut elimination.

No use of the subformula property. It states for implicational
logic:

If a formula is derivable, it is derivable by the logical rules of
implication and the structural rules of weakening and
contraction.

Gddel’s result about the decidability of implicational logic
follows at once from Gentzen’s proof of the decidability of
intuitionistic propositional logic, a corollary to cut elimination.



Conclusions:

There is no trace of Gddel having understood the significance
of cut elimination.

No use of the subformula property. It states for implicational
logic:

If a formula is derivable, it is derivable by the logical rules of
implication and the structural rules of weakening and
contraction.

Gddel’s result about the decidability of implicational logic
follows at once from Gentzen’s proof of the decidability of
intuitionistic propositional logic, a corollary to cut elimination.

Al methods would likely lead to an understanding of Gédel’s
own proof, given in terms of old-fashioned axiomatic logic few
understand today.



2. The modal interpretation of intuitionistic logic
Godel’'s 1933 translation




Godel’'s axioms for provability in the trial lecture are:

1.B(p)>p
2. B(p>q).B(p) > B(q)
3. B(p) - BB(p)

Table. Axioms of provability

The rule of inference is that if p has been proved, B(p) can be
inferred. Today Godel’'s system is known as the modal logic S4.



The trial lecture shows how Godel proved his 1933 result:

Theorem. The modal translations of Heyting’s axioms are
provable in S4.
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derivable rule by which from p > g (assumed provable),

B(p) > B(qg) can be inferred.



The trial lecture shows how Godel proved his 1933 result:

Theorem. The modal translations of Heyting’s axioms are
provable in S4.

Outline of proof: Instantiate the axioms with B(p), B(Qq), ... in
place of the propositional variables p, g, ... . Then apply the
derivable rule by which from p > g (assumed provable),

B(p) > B(qg) can be inferred.

Godel conjectured in 1933 that the correspondence is exact in
both directions:

A is provable in intuitionistic logic if and only if
its modal translation U(A) is provable in S4.

The Results on Foundations, 1941, contains a 25-page
syntactic proof of this conjecture.
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Idea of proof for Thm 63: Translate any proof of Ain S4 into a
proof of A" in H.
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Idea of proof for Thm 63: Translate any proof of Ain S4 into a
proof of A" in H.

Idea of proof for Thm 64: By 63, if U(A) provable in S4,
(U(A))" provable in H. Next, show (U(A))" = Ain H.

The proof turned out to use the propositional case of Barr’s
theorem:

Each formula A is classically equivalent to a conjunction
A1 &... & Ax with

Ai=-Pyv---v-PpvQiv--vQ
Let

Bi=Pi&...&=Pn>Qv---vQ
Then B; classically equivalent to A;, but:

A classically derivable if and only if By & . .. & By
intuitionistically derivable.



Question: Where did the propositional Barr’'s theorem come
from?



Question: Where did the propositional Barr's theorem come
from?




3. Godel's "constructively strongest” formula
From Gdédel’s Princeton Lectures on Intuitionism, spring 1941:

Take a proposition of the form VxA(x). Then the statement
3Ix-A(x) evidently also is a kind of negation of A but stronger
than -V xA(x) because 3x-A(x) - -V xA(x) can be asserted
but not vice versa.



From Gdédel’s Results on Foundations, early 1941:

[Remark about translation into Heyting calculus]*

Remark. Let A designate the formula that arises from A through
driving the — sign inwards as much as possible (the basic relations
assumed decidable):

Then A — Ais provable in the Heyting calculus.
Proof. By induction on the number of logical signs in A, where how-
ever, if A begins with —, two steps are to be taken, i.e., we have
A=-(BVC)or-(B&C)

204
etc and the theorem holds already for B, C.
Main theorem, Gentzen’s proof of consistency!
Theorem 57. Let 2 be an expression (without free variables)®? and O
a subexpression of 21,% and more precisely,
Q= (x)2)vP
Let further

30 [Godel’s title from the summary: A — A provable in Heyting calculus if 4 is
the “most constructive” formulation of A]
31 [Godel’s title from the summary: Main lemma of the proof of consistency of

number theory through choice sequences]
S A = e S
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Conversion steps to negation normal form

P ~ P
-P ~ =P
-(A&B) ~ -Av-B
-(AvB) ~ -A&-B
-(A>B) ~ A&-B
--A ~ A
. aVXA(Xx)  ~ 3x-A(X)
L -IAXA(X) ~ YXSA(X)



® N Ok WD =

Conversion steps to negation normal form

P ~ P
-P ~ =P
-(A&B) ~ -Av-B
-(AvB) ~ -A&-B
-(A>B) ~ A&-B
--A ~ A
. aVXA(Xx)  ~ 3x-A(X)
L -IAXA(X) ~ YXSA(X)

The uniquely determined formula obtained from a formula A
in this manner | denote by A. Then A = Ain classical logic
and in intuitionistic logic we have A — A can be asserted (but
not vice versa). So A is the intuitionistically strongest formula
which is classically equivalent to A under these rules of
shifting negation. | don’t prove this.



Gddel’s next point in the Princeton Lectures is (ibid.):

Now constructive negation of course defined by ~A= -A
and now the second theorem connecting classical and
intuitionistic logic reads like this: If A is classically provable
then -~ A is intuitionistically demonstrable.



Gddel’s next point in the Princeton Lectures is (ibid.):

Now constructive negation of course defined by ~A= -A
and now the second theorem connecting classical and
intuitionistic logic reads like this: If A is classically provable
then -~ A is intuitionistically demonstrable.

Theorem 1. —; NNF(A) > A.



Theorem 2. Soundness of Godel’s 1941 translation from
classical to intuitionistic logic. /f -k A, then —; -~ A.

Proof. ~A is by definition NNF(-A) and by Theorem 1,
+; NNF (-A) > -A, so by contraposition, +; -—A > -NNF(-A). It
remains to note that ~; A> —--A. QED.



Definition 3. Constructively strongest formula. B is the
constructively strongest formula classically equivalent to a
given formula A if, whenever C is classically equivalent to A and
+ Co A, then—; B> C.

Godel’s claim is that NNF(A) is such a formula.
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Counterexample:
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Definition 3. Constructively strongest formula. B is the
constructively strongest formula classically equivalent to a
given formula A if, whenever C is classically equivalent to A and
+ Co A, then—; B> C.

Godel’s claim is that NNF(A) is such a formula.
Counterexample:
Here is a counterexample to Gédel’s claim, with C=A=-Pv Q:

P> Qs in negation normal form, classically equivalent to
-Pv Q, but

H(P>Q)>-PvQ

Here is a counterexample with no implications.
Fk P= P& (Qv-Q)and NNF(P)=P

but
1 NNF(P) > P& (Qv -Q)



The solution:

Theorem 5. Gédel’s truth table theorem. If A is a tautology
and +P; & --- + P, any conjunction of the atoms and negations
of atoms in A, then~; +P; & --- + P, o A.



The solution:

Theorem 5. Gédel’s truth table theorem. If A is a tautology
and +P; & --- + P, any conjunction of the atoms and negations
of atoms in A, then~; +P; & --- + P, o A.

The easiest way to prove this result is to show that if Ais a
tautology in the atoms P4, ..., Py, its classical derivation can be
converted into an intuitionistic derivation of

(Pyv-P)&...&(Pyv -P,) > A

The antecedent is equivalent to the disjunction of all the
primitive conjunctions (Gédel's term) £P; & --- + Pp,.



Theorem 5 in G6del's own words reads (p. 50):

We have the remarkable fact that all formulas corresponding
to the truth tables of any of the logical operations -, —, -, v,
are identities also in intuitionistic logic.
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We have the remarkable fact that all formulas corresponding
to the truth tables of any of the logical operations -, —, -, v,
are identities also in intuitionistic logic.

If Ais not a tautology, let Cy, ... Cy be the primitive conjunctions
+P; & --- + Py of the lines on which A obtains the value true.
Then +; C; > Afor each i (with L o Aif Ais a contradiction) by
which we get:

H1 Cyv...vCk o A
The contrary implication holds only classically, and we have
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Theorem 5 in G6del's own words reads (p. 50):

We have the remarkable fact that all formulas corresponding
to the truth tables of any of the logical operations -, —, -, v,
are identities also in intuitionistic logic.

If Ais not a tautology, let Cy, ... Cx be the primitive conjunctions
+P; & --- + Py of the lines on which A obtains the value true.
Then +; C; > Afor each i (with L o Aif Ais a contradiction) by
which we get:

H1 Cyv...vCk o A

The contrary implication holds only classically, and we have
Fk Civ...vCr= A

The left side is the disjunctive normal form DNF(A) of A.



Theorem 6. Constructively strongest formula. DNF(A) is
the constructively strongest formula classically equivalent to A.

By above, we have ) DNF(A) > A. Strongest is shown below.



For formulas in one atom P, the constructively strongest
formulas are

J_, P7 —\P, P \Y% —\P
well known from the Rieger-Nishimura lattice.

The classical Boolean implicational lattice in one atom:

{Pv-P}

7N\

{P} {-P}

NS
{1}



The intuitionistic Heyting lattice in one atom:

classical tautologies

{;P} {P;/ P}

NN\

{P} {-P}
{1}
Just one non-tautological formula —--P added.

The rest an infinity of intuitionistically inequivalent classical
tautologies.



With two atoms P and Q, there are four primitive conjunctions:
P&Q P&-Q -P&Q -P&-Q

There are, as with one atom, the two non-tautological formulas
--P and --Q, and an infinity of intuitionistically inequivalent
formulas in P and in Q that are classical tautologies.
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non-tautological intuitionistically inequivalent formulas, and if
so, how many are they?



With two atoms P and Q, there are four primitive conjunctions:
P&Q P&-Q -P&Q -P&-Q

There are, as with one atom, the two non-tautological formulas
--P and --Q, and an infinity of intuitionistically inequivalent
formulas in P and in Q that are classical tautologies.

Question: Are there, beyond the formulas --P and --Q, other
non-tautological intuitionistically inequivalent formulas, and if
so, how many are they?

Guess 1: A few.

Guess 2: Many.

Guess 3: A huge number.
Guess 4: An infinity.



The classical Boolean implicational lattice in two atoms:

(P&Q) v (P&-Q) Vv (-P&Q) v (-P&-Q)
Top level

(P&Q) v (P&-Q) v (-P&Q)  (P&Q) v (P&-Q) v (-P&-Q)
(P&Q)v(~-P&Q)V(-P&-Q)  (P&-Q)v(-P&Q)v(-P&-Q)

Implication level 2

(P&Q)v (P&-Q)  (P&Q)v(-P&Q) (P&Q)v(-P&-Q)
(P&-Q)V(-P&Q) (P&-Q)v(-P&-Q) (-P&Q)v(-P&-Q)

Implication level 1
P&Q P&-Q -P&Q -P&-Q
Bottom level
1

There are 32 relations of immediate implication between the
DNF'’s.



Theorem 7. Intuitionistic logic adds no formulas inside the
classical Boolean lattice. This holds for any number of atomic
formulas.

Proof idea. For P& Q, assume C to be a non-contradictory
formula such that ~; C > P& Q. By Theorem 6,

+; DNF(C) o P& Q. Prove by induction on the length of C that
| C=P& Q

The proof generalizes easily to any number of atomic formulas.



Now back to the quiz:

Proposition. (Answer 4 to the quiz.) From two atomic formulas
on, there is an infinity of intuitionistically inequivalent formulas
in propositional logic that are not classical tautologies.
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Overall conclusions and challenges:

-Machine reading of shorthand. If this succeeds, thousands of
lecture notes from the past will become accessible, opening a
new chapter in the history of science: How were the new
theories taught to students?

-With Gédel in particular, and beyond the reading task: to
understand his proofs

Greatest challenges in the latter:
1. Understanding his formal system of intuitionistic analysis

2. His theory of computable functionals, aimed at providing
models of intuitionistic analysis (= consistency of analysis)

3. Topological models of intuitionistic simple type theory in
which AC fails

4. Cardinality of reals in intuitionistic analysis

Items 2 and 4 are the greatest open questions in the
foundations of mathematics
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