
• 4-color Conjecture             Theorem

• Kahler-Einstein metrics and other special metrics 
on complex projective varieties

Computer-assisted mathematics

• Kepler conjecture (sphere packing)

S.Donaldson (2005, … )

F.Guthrie (1852), A.Cayley (1878), A.Kempe (1879), P.Tait (1880), …

K.Appel, W.Haken (1977)

J.Kepler (1611) … … T.Hales (1998)

• Feigenbaum's universality conjecture (chaos theory)
O.Lanford (1982)

• Robbins conjecture (abstract algebra) W.McCune (1996)



Proof assistants:
autoformalization,
SAT-solvers, LEAN, 
Minerva, GPT-4, …

Mathematics of AI:
foundations, explainable AI, 
geometric deep learning,
algorithm design, …

Using ML to discover new mathematics:
– Finding counterexamples (disproving conjectures)
– Formulating new conjectures (learning new patterns)
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n

Number of homotopy n-spheres in each category.

The generalized Poincare conjecture:

• Top: true for all n

• PL: true for all nm4 (n = 4 currently not known)

• Diff: true for n = 1, 2, 3, 5, and 6

Top = PL = Diff
PL = Diff

all different

late 1950s

John MilnorSteve Smale



Generalized Poincare conjecture:
Every homotopy 4-sphere is 
diffeomorphic to the standard 4-sphere.

Theorem: If one finds a pair of knots 
which satisfy the following three properties:

then the smooth 4-dimensional Poincare conjecture 
is false.

• K and K’ have the same 0-surgery
• K is not slice
• K’ is slice



• Is it knotted?

• Is it ribbon? Is it slice?

• Is it Andrews-Curtis trivial?

S.G., J.Halverson, F.Ruehle, P.Sulkowski

S.G., J.Halverson, C.Manolescu, F.Ruehle

(SPC4, slice-ribbon, … )

Combinatorial group 
theorywork in progress

https://github.com/ruehlef/ribbon



Kurt Reidemeister
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Reformer performance on UNKNOT as function 
of braid length. Performance increases with N.



integer = product of two primes

:

?



Fraction of unknots whose braid words could be 
reduced to the empty braid word as a function of 
initial braid word length.



Average number of actions necessary to reduce 
the input braid word to the empty braid word as 
a function of initial braid word length.



• Is it knotted?

• Is it ribbon? Is it slice?

• Is it Andrews-Curtis trivial?

S.G., J.Halverson, F.Ruehle, P.Sulkowski

S.G., J.Halverson, C.Manolescu, F.Ruehle

(SPC4, slice-ribbon, … )

Combinatorial group 
theorywork in progress

https://github.com/ruehlef/ribbon
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Special surgeries:

p/r

Every connected oriented closed 3-manifold arises by 
performing an integral Dehn surgery along a link in     .

Theorem [Lickorish, Wallace]:

p/r



Property R

Theorem (“property R” conjecture): D.Gabai (1983)

If the 0-surgery on                is homeomorphic
to               , then      is the unknot.

The trefoil knot and the figure-8 knot are uniquely 
characterized by 0-surgery.

D.Gabai (1987)



48 crossings



Generalized Poincare conjecture:
Every homotopy 4-sphere is 
diffeomorphic to the standard 4-sphere.

Theorem: If one finds a pair of knots 
which satisfy the following three properties:

then the smooth 4-dimensional Poincare conjecture 
is false.

• K and K’ have the same 0-surgery
• K is not slice
• K’ is slice
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#(crossings)

165 knots

1,388,705 knots

computation of 
“quantum” invariants

potential counterexample 
to slice-ribbon conj.

potential counterexamples 
to SPC4 (ruled out)









Could not find ribbons:



Cochran-Orr-TeichnerCochran-Harvey-Horn

Our computations indicate that K14a19470 is 2-torsion.



• Is it knotted?

• Is it ribbon? Is it slice?

• Is it Andrews-Curtis trivial?

S.G., J.Halverson, F.Ruehle, P.Sulkowski

S.G., J.Halverson, C.Manolescu, F.Ruehle

(SPC4, slice-ribbon, … )

work in progress

Hard AC presentations

Hard unknots

Hard ribbon knots

https://github.com/ruehlef/ribbon



Conjecture [J.Andrews and M.Curtis ’65]:

Every balanced presentation of the trivial group

can be reduced to the trivial presentation

by a sequence of Andrews-Curtis (Nielsen) moves:

* generalized

*

“handle slides”

“handle cancellation”



• Many potential counterexamples, e.g.

• No counterexamples with relations of total length <13

• Believed to be false

S.Akbulut, R.Kirby (1985)

• Validating any of these, disproves the following

Conjecture (“Generalized Property R”):

If surgery on an n-component link L yields the 
connected sum                     , then L is obtained from 
the 0-framed unlink by a sequence of handle slides.

R.Gompf, M.Scharlemann, A.Thompson (2010)



• A potential counterexample to AC gives a potential 
counterexample to SPC4

• A handle decomposition of a homotopy sphere 
without 3-handles gives a balanced presentation of the 
trivial group

• AC moves = Kirby moves (without introducing 
3-handles)

Theorem:

gives a standard 4-sphere.

R.Gompf (1991)





D.Panteleev, A.Ushakov



1.<x, y^{-1}>
2.<x^{-1}, x y x^{-1}>
3.<x x y^{-1} x^{-1}, x y x^{-1}>
4.<x x y^{-1} x^{-1}, x y^{-1} x^{-1}>
5.<x x y^{-1} x^{-1}, y x y^{-1} x^{-1} y^{-1}>
6.<x x y x^{-1}, yxyx^{-1}y^{-1}>

First steps

OpenAI Baselines implementations



Hard AC presentations



https://stringdata2023.caltech.edu/

https://mathml2023.caltech.edu/


