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Automated Theorem Proving

A theorem proving problem consists of Axioms and a conjecture.

An automated theorem prover (ATP) runs an algorithm to find
a proof.

A typical ATP is efficient on small problems.

Large problems lead to combinatorial explosion.

o ATP reach their time or memory limit.
e Return with no result.
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Example

Suggested Upper Merged Ontology (SUMO)
Formalised in FOF and THF in the TPTP library
Problems with (tens of) thousands of axioms
Pick CSR119"3 (THF): ~5000 Axioms

Higher-Order Prover Leo-Il runs into a timeout (60 seconds)
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Solution: Premise Selection

Reduce the set of axioms for the proving task

e Proving time decreases or proving even becomes possible at all
The SUMO example CSR119"3 passes in less than a second

The axiom set was reduced to 390 out of over 5000 axioms by
SInE
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Logic Dependence

Problem:
e There are many premise selection algorithms
e Implemented only for FOF or some higher order logics

e ...even though some are described logic-independently

Solution:
e Lift the algorithms to logic-independence
e Run them in an abstract notion of ‘logic’

e Transfer results to the concrete logic
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Tool Support

Problem:

Many provers operate on one logic/syntax only

e FaCT, Pellet: Description logic with OWL

Darwin, E-Prover, Geo-lll, SPASS, Vampire: First-order logic
with TPTP/FOF
Leo-11, Satallax, Isabelle: Higher-order logic with TPTP/THF
Isabelle/HOL's own logic

Solution:
e Lift the algorithms to logic-independence
e Run them in an abstract notion of ‘logic’
e Transfer results to the concrete logic
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Theoretical Foundation:
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Entailment relation

An entailment relation with symbols (Sen, Sym F, symbols) consists
of

e A set of sentences Sen
e A set of symbols Sym

e A relation = C P(Sen) x Sen which is

o reflexive (Axioms are theorems)
e transitive (We may use lemmas)
e monotonic (We may use premise selection)

e A function symbols : Sen — P(Sym) giving the symbols that
occur in a sentence
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Implementation: Ontohub

e Web application: https://ontohub.org

e Version controlled repository for
ontologies/specifications/theories

e Version control (git)

e Integrated editor for small files
e Analyses theories

e Has interfaces with ATPs

e Back-end: Hets


https://ontohub.org
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Implementation: Ontohub cont’'d

e Supports different logics
e Propositional Logic

OWL

FOL / TPTP-FOF

FOL + Induction

CASL

Modal Logic

Common Logic

HOL / TPTP-THF

Isabelle/HOL

e Brings tool support

FaCT, Pellet

CV(C4, Darwin, E-Prover, Geo-lll, SPASS, Vampire
Leo-ll, Satallax, Isabelle
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Premise Selection: The Algorithm ‘SInE’

e Developed by Krystof Hoder
e Fully automatic with a few user-defined parameters
e Operates on syntax

o Selects recursively the axioms that share a symbol with the
conjecture or an already selected axiom

e The shared symbol that allows to select an axiom must hold
more conditions

e Selection stops after n recursion steps
e We implemented SInE in Ontohub
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Data Flow

User Ontohub/Hets Prover
Theory

Axioms,
Conijectures,
Symbols

Premise
Selection

Modified
Theory

Proof Proof
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BETA
Ontohub a Repositories

Do you want to support the development of Ontohub by testing? Visttest.ontohub.org for more information

agrundlagen

Overview  Ontologies  Fllebrowser  History  Settings

File browser

In this page, ropo:
Below is the st o file in the current directory, independent of whether they contain
ontologies or not. In order to find a particular fle, you can navigate through the fie
system.

grundiagen / bushy-by Cresto Subdiectory | Uploadfle  History of this dractory

® Laith D LaLnip
® Land it D Lana_thip

® Lomit D Leomiftp

® Lo_changet p D Le_changel pp
® Loinitt D Leinitip

® Lot D

® Loisstt D Lejsstip

® Lo tetta D Letetiap
®lotet D Leiteup

® 1Lo_notis_ths o_notis_ths.p

® Lorofis D Lerefisp

® Lo st emptyi esten

® Lo st eq 1017 D Lesteq10.t7p

® Lesteqtl s D Lesteq i1 tp

® Losteq 1 thd D Le.steq 1 thap

76icbS5  ©2012-2016 Universitat Magdeburg and Universitat Bremen  About  Sources Open Ontology Repository (OR) Intiative
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tohub Repostories

Overview  Ontologies  Fllobrowser  History  Settings

File browser

In this page,

ropository i you want , click
on the ontology mappings above the text box.

AGTO001+1.p
+File AGT001+1 : TPTP v6.4.0. Bugfixed v3.1.0. Defining 1 ontology
\ Domatn 1 Agen
\ Bfoblon : Pioblen for the crlant system  AGTO0141
\ Version i (baz03] axions : Especial.
\ Englion
yRets 1 (aarod) arsa, 2. (003, maid to G, sutcl
H (38083 ) Barta ot ad (20000 Matanassoning rcerant muses-ng
H {Top03] Toricka ot a1 (2063), Meta ng" o Agents’ Priv
\Source 1 (Bas03]
\ Nemes”
status © Theoren
Rating 1 D:0TVE4.0, 0.00 6.3,0, 0,12 Y610, 0.10 ¥6.0.0, 0.09 ¥5.5.0, 0.07 v5.4.0, 0.0
Sintex Wumber { 524 inie)
Nonber of av 38 {7 Squatien
Nontnai formeie depth | 3 { 1 averase]
Nomber of connectives : 143 ( 43 - 51 |; 671 &
e A
{ <)
sumbor of predicates : 17 ( plnpounnnu~ 1»4 aziey)
Bisber f Binctoti 1 a3d ( ang & e,
Nimber of variapies 70 { 2% Sihoreson; o2
Naxina1 torn. depth ERE
Sec 1 TOF TN RFO.SEQ
Comments
Bigixes : v3.0.0 - Bugfixes in NUMODSel.ax

v31110 - Changes to NUMOOS axioms

(of (query_1,conjecture,
("acdapt_

©2012-2015 Universitat Magdeburg and Uriversitat Bremen  About  Sources ‘Open Ontology Repository (OOR) Initative
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Do you want to support the development of Ontohub by testing? Visttest.ontohub.org for more information

2 SUMO SInE Test

Overview  Ontologies  Fllebrowser  History  Settings

@ sumo_problem TtpTP download | Edt Delete

ontology dafned n th fo

/sumo-sine-test/sumo_problem

Content  Comments  Met Versions  Graphs

Functions )~ Predicates @) Type O Aoms@D  Theoems @

acquaintance_THFTYPE
angleOfFigure_THFTYPE i
angularMeasure_THFTYPE i
IAmphibian_THFTYPE. i
brotherTHFTYPE

ciizon THFTYPE
IAmu_THFTYPE |

i THTYPE il
documentation THFTYPE
editor THFTYPE |

equal THFTYPE |

840339757  Foolnstitte  About Open Ontology Repository (OR) Intiative
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aeugens-test-tptp

Overview  Ontologies  Fllebrowser  History  Settings

@ AGTO001+1 TprP I

ontology defned n the e /ougens-tost{D/AGTOO 1.
fougens-test-tptp/AGTOO1+1
Content |~ Comments  Metadata  Versions  Graphs  Mappings

Constants @)  Functors@)  Predicates )  Axioms  Theorems @)

query_1 [ECT

Definition of query_1

foffquery_1, conjecturs, (accept. towna, 06))

Proof Attempts
Number Date Time taken Prover Proof Status Evaluation State
9 amonth ago 66 seconds Isaelle = (3 (@ month ago)
s amonth ago 0 seconds Leorl [} 3 (@ month ago)
7 amonth ago 0 seconds cves = 3 (@ month ago)
6 amonth ago 1 seconds. Geoll (] =3 (@ month ago)
5 amonth ago 0 seconds Darwin [} (3 (@ month ago)
4 amonth ago 0 seconds EProver [} 3 (@ month ago)
3 amonth ago 0 seconds Satallax [ (23 (@ month ago)
2 amonth ago 0 seconds seass [} (3 (@ month ago)

amonth ago 0 seconds Vampire [} (23 (@ month ago)

©2012-2015 Universiat Magdeburg and Universitat Bremen  About  Sources Open Ontology Repository (OOR) Intiative
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BETA
Ontohub Ontologies.

Do you want to support the development of Ontohub by testing? Visttest.ontohub.org for more information

Attempt to prove theorem query_1

Definition
Name  Text
query_1 fof{query_1, conjecture, (accept. towna, né))).

Proving Configuration

Provers ) Vampire SPASS EProver Darwin Isabelle Geo-lll
cves Leo-ll
Selecting none wil result n using the default prover.

Seectan | Selectnone

Timeout  Default (10 seconds) 4 The timeout wi

Axiom Selection Method Manual o sing

SInE Axiom Selection

*Commonness 0

threshold
Greater values result in selecting more axioms containing uncommon symbols.

*Depthlimit -1

Number

selection terations. Greater values result in selecting more axioms. The value ™1 is

“Tolerance 1.0

Greater values result in selecting more axioms.

©2012-2015 Universitat Magdeburg and Uriversitat Bremen  About  Sources Open Ontology Repository (OR) Intiative
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Experiments: Setup

We applied our implementation of SInE to
e All 2078 problems of the MPTP2078 (FOF)

o A subset (501 problems) of a formalisation into THFO of the
Automath formalization of Landau's ‘Grundlagen der Analysis’
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Results: FOF

Provability with and without Premise Selection
B only without SINE M both with and without SInE

1200 !
% only with SInE

of Solved Probl

N
A

Any

< = w = © — » ©

S & ¢ I 3 3 2 =
I =¥

© A E 6] E] ~ 7] S

Any Except EProver
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Results: THFO

Provability with and without Premise Selection
B only without SInE M both with and without SInE

@ only with SInE

30

Number of Solved Problems
8
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There's More: Signatures and
Logic Translations.
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Special handling of THF

Problem:
e THF (among other logics) is typed
e Symbols must be declared with a formula before their first use

e Such ‘signature-defining delarations’ must not be removed

Solution:

e Preserve the needed ‘signature-defining declarations’ after the
premise selection
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Theoretical Foundation: Entailment Systems

An entailment system with symbols (Sign, Sen, Sym, -, symbols)
consists of

a category Sign of signatures and signature morphisms

a functor Sen : Sign — Set giving the set of sentences over a
signature

a faithful functor Sym : Sign — Set giving the set of symbols of
a signature
for each ¥ € |Sign| a relation -y, € P(Sen(X)) x Sen(X) which

e is reflexive, transitive, monotonic
e and satisfies -translation: Given a signature morphism
031 — Yo, we have I' by, ¢ = Sen(c)(T') Fx, Sen(o)(yp)

e a natural transformation symbols : Sen — P o Sym giving the
symbols of a sentence
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Tool Support for Logics

Problem:

e Some logics don't have direct tool support, e.g. CASL, Common
Logic, modal logic

e People need to formalise the theory in tool-supported logics

e ...or cannot use ATP (with premise selection)

Solution:
e Run premise selection in the desired logic
e Translate the modified theory to logic with tool support

e Run the prover on the translation
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Theoretical Foundation: Entailment relation
morphism

An entailment relation morphism
a: (Seng, Symg, Fg, symbolsg) — (Senz, Symq, F7, symbolsy)
is a function « : Seng — Sen7 such that

for all ' C Seng,p € Seng : I'Fg ¢ implies () Fr a(y)

« is called conservative if

forall I' C Seng,p € Seng : ' s ¢ ifand only if  «(T') Fr a(p)
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Theoretical Foundation: Theoroidal entailment
relation morphism

A conservative theoroidal entailment relation morphism (o, A)
contains

e a function a : (Seng, Symg, g, symbolsg)
— (Senp, Symp, b, symbolsy)
e a base set of sentences A C Seny
that hold

forall ' C Seng,p € Seng : I'Fg ¢ if and only if  AU«(T) Fr a(p)
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Hets

Evaluation component of Ontohub

Actually analyses theories

Translates theories

Interfaces with provers
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Data Flow
User Ontohub/Hets Prover
Theory
Axioms,
Conjectures,
Symbols
Premise
Selection
Translation Modified,
Translated
Theory
Proof Proof
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Conclusion and Future Work
Conclusion
e Premise selection improves proving performance significantly
e Entailment relation morphisms allow its use with different logics
¢ And different reasoning tools

e SInE in Ontohub is only a proof of concept

Future Work

e Develop more premise selection algorithms and deploy them to
Ontohub

e Learn from found proofs and disproofs (after premise selection)

e Use modular structure (signature morphisms)
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Thank you for listening!

Questions?
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