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Intro: Premise selection

* Premise selection is the task of identifying a small subset axioms
necessary to prove a given conjecture from a library of thousands of
axioms.

- ATP without premise selection - ATP with premise selection



Premise Selection in Higer Order Logic

FOL HOL

Variables range over individuals Variables can range over FUNCTIONS(properties etc):
VP. P(agatha) > P(butler) + type information

Predicates apply to individuals: Lambda abstraction:
hates (agatha, X) AX. X + X (functions as data)
Functions return individuals: Partial application: hates(agatha) returns a function AY. hates(agatha, Y) @

father_of (agatha)

Quantifiers only over individuals: Higher-order unification: Matching P(agatha) against hates(agatha,
VX. hates(agatha, X) butler) requires finding P = AX. hates(X, butler)
Simple Abstract Syntax Trees(AST) Richer AST
Eg: Ax: hates(agatha, X) Eg: [X:$i]: (@(@(hates, agatha), X))
hates A
/ \ |
agatha X X
|
@
/ \
@ X
/ \

agatha hates



Related works

Technique Approach FOL |HOL | Type Key Limitation
12\/([)%1;(; (Meng & Paulson, Symbol overlap heuristics v |X  |Heuristic Shallow, no structure
. . . Heuristic
MaSh (Kiihlwein et al., 2013) |Naive Bayes + kNN ensemble v X Hand-crafted features only
SInE (Hoder & Voronkov, Least common symbol trigger (used in Heuristic :
2011) Vampire/E-prover) Vo lX Approximate, no types

Wang et al. (2017)

Graph embeddings with shared symbol
nodes

First graph-based for HOL

Olgak et al. (2019)

Graph embeddings + property-
invariant hypergraph

Invariant to symbol renaming; focuses
on unseen Skolem symbols

ARCG-NN (Liu et al., 2021)

Cross-graph attention (conjecture <>
axioms)

GNN

Better relevance encoding

Bansal et al. (2019)

GNN + sequence models (HOL Light)

Hybrid

HOL4/HOL Light specific

Magnushammer (Mikuta et al.,
2024)

Contrastive transformer + InfoNCE
(SELECT+RERANK)

Sequence

No explicit type structure, (types as ato
ms, not composed)

Paliwal et al. (2020)

Graph w/ types + binding

GNN

Explicit HOL structure

QUILL (Kogkalidis et al.,
2024)

Structured attention + de Bruijn indices

GNN

Dependent types (Agda), not THF




OVERVIEW

Problem Premise Translation and Proof

(conjecture) Selection ATP call Reconstruction

ros o
I I .
Graph-based networks Sequence-based networks

Problems Build I

Problem: get parsed } Graph/ >Initialization Encoding > Scoring

conj,
Ax1- Ax 512

by vampire tokenization |




Methodology: GNN_v1

Problem (with too many ‘ * ' Problem (with few

axioms) relevant axioms)

Graph based networks

Variable Operator
Nodes Nodes

~

Clause Operator
Nodes Nodes

Olsak, Miroslav, Cezary Kaliszyk, and Josef Urban. "Property invariant embedding for
automated reasoning." arXiv preprint arXiv:1911.12073 (2019).

Symbol nodes

Variable nodes

AST OP
nodes/clause

Type nodes

Clause nodes

e




GNN_V1

Symbol
nodes

A 4

Variable
nodes
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AST OP
nodes/clause
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Type nodes
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Clause
nodes

A 4
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Load ptfile Message
G N N 1 from Build Graph Initialization Passingg
V vamplire
Traini ng Testi ng Loss Function

1. Binary Cross Entropy Loss (BCE)

Graph of the training New Test Graph for the 2. Focal Loss

dataset test set....
Precision=TP/(TP+FP)
Recall=TP/ (TP + FN)
Fixed Trainig Graph Fixed Graph Structure Accuracy = Accuracy = (TP +TN) / (TP + TN + FP + FN)
F-score = 2 x (Precision x Recall) / (Precision + Recall)

GNN Weights (random) Frozen weights
Design Parameter Architecture
g Optimization details
Training Embeddings Inference Embeddings « Too many edges « Number of e Pre and
and too many layers, postprocessing
nodes Embedding size steps
etc
Loss & Gradients Predictions

Lin, Tsung-Yi, et al. "Focal loss for dense object detection." Proceedings of the IEEE international
conference on computer vision. 2017.



Methodology: GNN_v2

Problem (with too many
axioms)

Variable
Nodes

GNN_V1

=) A -

Graph based networks

Operator
Nodes

Clause
Nodes

Operator
Nodes

Problem (with few
relevant axioms)

N

Clause
Nodes

GNN_V2

Clause nodes

7

.

~\

Term nodes
(symbol,
variable, type)

J

Operator
nodes

Edges with
5D edge
Features




GNN_v2

op_to_term { e operator > term .
op_to_op < operator > operator - ;
rev_op_to_term < term > operator O

rev_op_to_op operator > operator

clause_root clause > operator

rev_clause_root ﬁ
operator > clause

]
<
-~
=
-
% +
N
=

clause » term

clause _root

rev_clause_root

term = clause Parameter Architecture

Optimization details

clause » term e try a totally e Number of I e Pre and
new design layers, postprocessing

clause_sym I
rev_clause_sym Embedding steps
term - clause

AASNAASAAN

size etc




Transformer

4 ) 4 )
Per_ clause
Tokenization . formula
encoding
\_ J \_ J

Conjecture

Trans
Oral

i
nge

3

‘ormer: Tokenization + Self-Attention — Layer 1/6
active

| Blue = passed | Reached: 1/8 nodes

st

SRR

iwiiom)

N

h_ax * h_conj

l

Concat
[384-dim]

|
E3

Togit = 0 - relevant | logit < 0 -= irrelevant




Transformer: Self-Attention Weight Matrix

Cross-Clause Attention Matrix

(Based on symbol overlap + conjecture bias) 0.29

0.30 A

0.27

0.25 A
g -
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Target Clause (attending to)




Contrastive Transformer

o Per_ clause formula Cross-clause self- Attention weight Conjecture-

Tokenization - : : : Conditioned Scoring
encoding attention matrix
(Focal Loss)
Conjecture Conjecture-
Multi-hot vector e Cross-clause self- Attention weight Conditioned Scoring

: Conditioned ; :

encoding —— attention matrix (Focal Loss +
g InfoNCE)

Multi-Hot Symbol Vectors for PUZ081 "1 Clauses Stage 1: Conjecture-Conditione: ncodin
(Input to Contrastive Model) 10 Each axiom attends to conjecture via Cross-Attention Conjecture-Conditioned Encoding (ARCG-NN style)

Mikuta, Maciej, et al. "Magnushammer: A transformer-based approach to premise selection." International
Conference on Learning Representations. Vol. 2024. 2024.



Preliminary - Experiments

Dataset: Model

Training: 26,000 problems - Baseline (MePo): (E-prover,
from Isabelle (80/20 train/val new-bool-7 strategy)
split

plit) - GNN VI

Testing : 8900 holdout
problems e GNN-V2

* Two strategies: * Transformer
* Best X axioms (best 10,20)
* Logit Score
* Contrastive Transformer




Problems solved

Initial Results (T=10 s

Problems Solved — best-k selection [full model set]

5,000 A
4 A 4955
4,688
4,645
4,539
4,500 A 4,485
4338
4,000 A
3,500 A
3,000 A
2,500 A
GNN v2 (noVocab) -l Typed Contrastive
2,000 1 == GNN v2 Transformer (noPE)
GNN v1 (noVocab) =@~ Contrastive
+#k Typed Transformer Contrastive (noPE)
== Transformer =@~ Baseline
-@- GNNv1
best20 best50 best100 best250

Budget (k = number of premises selected)

Problems solved

Problems Solved — min-score threshold [full model set]

5,000 A
4,605
4,500 A
4,389
428
4,000 A
3,500 A
3,000 A
2,500 A
2,000 A
1,500 A
P : GNN v2 (noVocab) -l Typed Contrastive
== GNN v2 Transformer (noPE)
GNN v1 (noVocab) =@- Contrastive
1,000 A Y =4k Typed Transformer -~ Contrastive (noPE)
- =~ Transformer =@~ Baseline
-®- GNN V1
min0.0 min-1.0 min-3.0 min-5.0 min-20.0

Min-score threshold (stricter » fewer premises)



Experiment- On a bigger Data

* Dataset:

* 118,000 problems from Isabelle

~59,000 problems have proof

—

(90/10) — Train/Val split Transformer ==
2000 Test problems S
5000 holdout problems

* Strategies: GNN_V1

* Best X axioms (best 16,32, 64,128, 256,
512(baseline)

* Normalized min logit scores(0.001, 0.01,
0.1,0.25,0.5,0.75)

* T- Time (10s)

Contrastive
transformer



Nodes [symbol id, Edges Edge vectors
subtype, type id]

operator — term (rev) . Role
operator — operator (rev) - Direction

term — operator * Polarity

clause — operator (rev) * Depth

 Shared or not
clause — term (rev)

@\
Operator Clause
Nodes Nodes

vType information Effective Effective v Deeper
v'Lambda abstractions Graph MEIWWIIE v Loss function
v'Partial applications v’ Metrics

v'Bound Variables v’ Priors



Example Problem: MESSAGE theory

137 lemma keysFor_empty [simp]: "keysFor {} = {}" thf(conj_0, conjecture,
138 by (unfold keysFor_def, blast) (((keysFor @ bot_bot_set_msg) = bot_bot_set_nat)))

 fact_3_keysFor__def — definition of keysFor

( keysFor
= (A [X4: set_msg] :  fact_180_image__empty —image f{} ={} (nat
( image_nat_nat @ invKey instance)
@ ( collect_nat « fact_2_empty__iff — nothingis a member of {} (nat)

@ A [X5: nat] .

« fact_96_bot__set_ def—{}=Collect bot
? [X6: msg] : ( membermsg @ (crypt @X5@X6 )@X4) ) ) ) )

* fact 99 bot__empty__eq—bot=(Ax.x€{})

 fact_1_empty__iff —nothingis a member of {} (msg)

type declarations 169
axioms 635
conjecture 1

Axioms_needed 6



Example Problem: fact_3_keysFor__def — definition of keysFor

keysFor
( A [X4: set_msqg] :
( image_nat_nat @ invKey
@ ( collect_nat
@ N [X5: nat] :

? [X6: msg] : ( member msg @ ( crypt @ X5@ X6 ) @ X4 ) ) ) ) )

fact_3_keysFor__def

(=)
/ \
keysFor (image_nat_nat)
/ \
invKey (collect_nat)

|
(A X5)

X6 (member_msg)
/ \
(crypt) X4
/ \
X5 X6



p fact_3_keysFor_ def

Example Problem: fact_3_keysFor__def — definition of keysFor

P fact 3 keysFor_def (=)
L / \
N ‘ ) keysFor (image_nat_nat)
/ \
invKey (collect_nat)
|
(A X5)
/ \
X5 (32 X6)
/ \
@factfafkeysForidef" X6  (member_msg)
\ . [
N (crypt) X4
/ \

X5 X6



- A fact 3 keysFor def
& fact_1j80_im‘age__%mpt)7’
fact 2_empty_liff
fact_96_b__ot_set_c{ef L

‘ fact_99_bot_1empty_eqi
f‘

i \
‘ fact_1_empty__iff | atom X

Fhot set __n?it

~

@ lambda
& app @ bot .bot_nat o

@ bot. hot set nat

-

botebot set msg
O &

® VO. member nat

. bot_bp‘t_set_nat . VO. member msg
.'bot_botkset;msg

’ kKeysFor

3 node sorts, 10 relations, 5-dim edge feature ( [role, direction, polarity,
depth and shared]




’ fact 3 keysFor_def
Q fact_180_image_ empty
’ fact_2_ef’npty_iff{

fact_96_bokt_set_def \
: \ )
[

@ ctoobot_gmpy e

b

fact_1_empty_iff I. formula ®.ea
| @ app

/,—\ 1 Farany @ g @ bot b(l):t’\dsetﬂnat.
: ora :
| )4 conj 0 ( ® bot bt ne tt Tt »
A 4 \ Q 1ambda /
Vl\ . not . :

4 @& app
. formula } @ bot’bot_nat o

bot bot set nat

@ arp
. app-
. €q .\bot_bot_set_msg \ v

app

. PR \‘VO

@ member_msg

(%)
@ member_nat

. bot % bot» bot set nat

. keys For

GNNV2 +binding Explicit edge from quantifier to each bound variable; variables get a real resolved type,
edges not a placeholder




fact 2
' act 96 bot? set-de
‘ fact 1_empty ffq Rl A IVEET

| RN
‘\ 2&) formula ;
forall N

®-eq
@ not ~
: , \ Qlambda ® I,O\\
« A\ : .. y 5 ’ b
: a 3 8 A :
' nat>nat +: ' PP Mapp T [l _“_b;)t_bot_na}!o_ ®
‘ . PP &bot hnt set msg \ - ‘ -

set.msg . bot “bot* Toet natq TS .'tat a’f)’t setr "‘“

® botkt)()t set.msg~ N LN T N
@ s i ™ o
(nat>$0)>set "nat membor msp

.'(nabnat))svt_ E >S(*t_rnat

W member: nat

‘ msg>set -msg>$0 :
‘ nat>msg>msg "'r;a"t'>$jo
. nat>set _nat>$o

. set_msg>set nat o
“ set nat

GNNV2 +binding edges  One shared node per distinct resolved type string; has_type edges make “share
+ type node a type” a first-class relation




P fact_3_keysFor_ def
P fact 180_image_empty
P fact 2 empty_iff
T @ fact 96 bot set def A
. : uZTfun ! ‘
ér’?; fact_99_bot’_empty_eq’\F,1

. fact 1 empty i

X
. sTfun :
\ @ sifun .\

\ sTfund . . o}
\

‘\\\ Qslfun Y
.SN msg, .slfun

' 2
$0. 1 \
sTfun

\‘n“‘ . % I w ')[)() ‘

et nat » @ boty | bot bot set n}t'r
= .keyslor =

GNNYV2 +binding edges Compound function types get their own node, linked via type arg — genuine
+ type node + type node structural sharing of type sub-components.

operator =

RICHGRAPH_GNN




_. bot_bot_nat_o

,‘b‘o!:-ibot-_s et_-nat.. el

p |
@ app

(

. &) fun

() ‘ :
@i ) ..

\
fa ct_95_b(“_ssﬁtu_n_def STfua ‘,“‘v ‘ - pT : ‘

..““ '_T"Fri R " Nfun

’ ® collect nat
. keysFor G —

@ bot_bot_set_msg

@ ot bot_nath

‘ /
'. bop’bot_|set_nat fact_96_bojiaSet_def

3 invKey
fact_99 bot empty feq lmage__nat_na‘\t

. ».'.member'_nat ® .

[

forall

@ set_nat




Now that we have the graph... Effective

@& / torch_geometric.nn / conv.GATv2Conv 1 . Algebraic—property pl‘iOI’ N etWO r k

catcgory comm assoc idem distrib invert quant conn

conv.GATv2Conv -

app 0 0 0 0 0 0 0
v/3 0 0 0 0 0 1 0
class GATv2Conv ( in_channels: Union[int, Tuple[int, int]], out_channels: int, heads: int = 1, concat: bool A 0 0 0 0 0 0 0
= True, negative_slope: float = 8. 2, dropout: float = 8.0, add_self_loops: bool = True, edge_dim: D 0 0 0 0 0 0 1
Optional[int] = None, fill_value: Union[float, Tensor, str] = "'mean’, bias: bool = True, share_weights: AV 1 1 1 1 0 0 1
bool = False, residual: bool = False, “kwargs ) [source] . 0 0 1 0 0 0 0

/D 1 1 0 0 0 0 1
eq 1 0 0 0 0 0 0

Bases: MessagePassing

The GATv2 operator from the “How Attentive are Graph Attention Networks?” paper, which
fixes the static attention problem of the standard eatconv layer. Since the linear layers in the
standard GAT are applied right after each other, the ranking of attended nodes is unconditioned

on the query node. I contrast, in eatvz , every node can attend to any other node. 2. Relational message passing
XY ay®, 3. Gated Node Updates
JEN@)ULE) 4. Global-pooling per node sort
5. Cross-Clause attention
6. Deep supervision

where the attention coefficients «; ; are computed as

exp (aTLeakyReLU (Ox; + @txj))
> keN(i)u{s} €XP (a"LeakyReLU (©,x; + ©;x;))

Qi =

If the graph has multi-dimensional edge features e; ;, the attention coefficients «; ; are

computed as GNNV2 + network Upgrades = RICH_N ETWORK_GNN

exp (a”LeakyReLU (©,x; + ©.x; + O.e;))
ZkeN(i)U{i} exp (a'LeakyReLU (@,x; + ©;x;, + ©.e;;|)) ’

Qij =



Loss Function and Evaluation

l
Mean rank — —— rank(g)
L.l"lﬁl"l E z I

[

Precision=TP/(TP+FP)

Recall=TP /(TP + FN) MRR — - y |

Accuracy = Accuracy = (TP+TN)/(TP+ TN+ FP + FN) |P'| S rankmin(p)

F-score =2 x (Precision x Recall) / (Precision + Recall) i@ — I:*I ¥ 1 [rankin(p) < K|
7

l
Coverage@ K — |f_’| LF rankm () = KJ
2

Mean rank : measures the average position of relevant axioms in the ranked list; lower values indicate the
model consistently ranks useful premises near the top.

Mean Reciprocal Rank (MRR) measures how high the first relevant axiom appears, averaged across problems.
MRR favors models that put at least one useful premise very early.

Hits@K measures whether the highest-ranked relevant axiom appears within the top K. This captures whether
the model can provide the single most important premise.

Coverage@K measures whether all relevant axioms for a problem appear within the top K



Loss
0.06 1 ain
Val
—— Test
0.05 A
0.04 A1
0.03 A
0.02 A
0 10 20 30 40 50 60
Precision & Recall
1.0
> ad
0| |
0.6 =
—— Train P
—— TrainR
Val P
Val R
0.4
0.2

F1 Coverage@K (ALL golds in top-K) < MaSh metric
—— Train i 1.0 1 — Cov@5
Cov@10
Val \ —— Cov@20
0.22 A Test ! 0.9 4 Cov@50
—— Cov@l00
Best val : s — Cov@300
0.20 i :
]
]
! £ 0.7 1
[}
0.18 - ! N
o
| & 0.6
[ s
0.16 - i c
H 205
] [¥]
| o
1 Y=
0.14 A / ! 0.4 4
]
/1 1
i
012 | 031
i
! 0.2 4
0.10 4 :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Learning rate MRR & Hits@K (=1 gold in top-K)
0.0006 - 100 { mmmm e e
0.0005 - 0.95 4
0.0004 - 0.90 1
0.0003 - 0.85 1
0.0002 0.80 1
0.75 4
0.0001 A
—— MRR
0.70 Hits @50
0.0000 A — — Hits@100
0 10 20 30 40 50 60 0 10 20 30 40 50 60




Nodes

Term
Nodes

@
Operator Clause
Nodes Nodes

GNNV2
Nodes

Term
Nodes
[LES | Clause
Operator
Nodes
Nodes —

Type Operator
Nodes Nodes

RICH_GRAPH_GNN

Edges

operator — term (rev)
operator — operator (rev)
term — operator

clause — operator (rev)
clause — term (rev)

+ (bound) operator — var (rev)

+ (has type) term — type (rev)

+ (has type) term — type op (rev)

+ (type_arg) type _op — type (rev)

+ (type_arg) type op — type _op (rev)

Edge features

* Role

* Direction

* Polarity

* Depth

* Shared or not

+ Pos encoding
P>Q

pos(P)=(0.0, 1.0, 0.0)
pos(Q)=(1.0,0.0, 1.0)



Back to the Experiment
* Dataset:

* 118,000 problems from Isabelle

~59,000 problems have proof
(90/10) — Train/Val split

2000 Test problems

5000 holdout problems

RICH_NETWORK_GNN

Transformer,
S-transformer,
Hybrid_GNN etc

* Strategies:
e Best X axioms

* Normalized min logit scores
* T-Time (10s)

' GNN_V1,
Contrastive
transformer

imgflip.com



Results

47.7% :

Baseline new bool 7
(2,382 /4,994)

61.3% :

NETWORK_RICH_GNN
total cover : strategies

(3,002 / 4,994)

best single deployable
strategy, min0.25 (2,747)

Model

Best strategy

Best score

Total cover

Transformer

best256

2,410

2,847

Gnn_Sine hybrid

best256

2,552

2,876

GNN V2

best250

2,589

2,881

GNN V2+ Binding edges

best]128

2,619

2,974

GRAPH_RICH GNN

3,056

NETWORK_RICH_GNN

min(.25

3,062

GRAPH & NETWORK RICH GNN

min0.25

3,043




Ablation Study

Configuration

best single deployablee strategy, min0.25 (2,775)

Component removed

Best
strategy

Best score

No clausesym

clause sym shortcut edges

minQ.25

2,642

No attention

GATV2 attention (— SAGEConv)

min0.2

2,696

No binding edges

binds / rev_binds edges

min0.25

2,743

No pos

positional edge features

min0.25

2,745

No type, No binding_edges,
Noattn

type+binds AND attention

min0.3

2,746

Graph Rich GNN +
logic_property

+ logic-property embed (addition)

min0.15

2,751

Notype nobinding edges

type + binds (combined)

min0.3

2,765

No _notype

type / type op nodes+edges

min(.25

2,775

Graph Rich GNN

— (reference, tuned)

min0.25

2,747




Conclusion

2382 : problems solved by baseline

+ 365 : solved by GRAPH_ RICH_GNN, best single deployable strategy, min0.25
(2,747)

+ 680: solved by NETWORK RICH_GNN, total cover : strategies (3,062 / 4,994)
+ 779: Greedy cover results

NETWORK_RICH_GNN T R
GRAPH & NETWORK RICH GNN : 2,125 3,043
GRAP & NETWORK RICH GNN || 2725 308




Future work

* Is binding information useful at all?

* How come no attention affected i1t negatively where
there was type info...

* How important 1s Type information in HOL?
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