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• Pack items of sizes 𝑤1, …, 𝑤𝑛 ∈ [0, 1] into bins of capacity 1.
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Task:
• Pack items of sizes 𝑤1, …, 𝑤𝑛 ∈ [0, 1] into bins of capacity 1.
• Use as few bins as possible.

NP-hard.



Bin Packing: Randomised Best-Fit Heuristic

Consider items in random order. When a new item arrives, put 
into the bin where it leaves the least remaining space, without 
overfilling the bin.
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Bin Packing: Randomised Best-Fit Heuristic

Consider items in random order. When a new item arrives, put 
into the bin where it leaves the least remaining space, without 
overfilling the bin.
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How well does Randomised Best-Fit perform 
compared to the optimum?

• “Opt(𝐼)” is the number of bins in an optimal solution on 
instance 𝐼
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How well does Randomised Best-Fit perform 
compared to the optimum?

• “Opt(𝐼)” is the number of bins in an optimal solution on 
instance 𝐼

• RandBestFit(𝐼) the expected number of bins used by 
Randomised Best Fit

How large can RandBestFit(𝐼)/ Opt(𝐼) get?

ApxRandBestFit ≔ sup
𝐼

RandBestFit(𝐼)
Opt(𝐼)
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1.7.

How could you try to improve the lower bound?
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Local Search

Let Score(𝐼) ≔ RandBestFit(𝐼)/ Opt(𝐼).
1. Start with some bin-packing instance 𝐼 (list of floats).
2. Throw some random noise on 𝐼:

𝐼′ = [𝑥 + random.random() | 𝑥 ∈ 𝐼].

3. Check if Score(𝐼′) > Score(𝐼).
• If so, replace 𝐼 with 𝐼′

4. Goto 2.



Ten Local Search Trajectories
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Examining the best instance



Examining the best instance
[0, 0, 0, 0, 

0.13941968656458636, 

0.1415175313246237, 

0.18488603733618258, 

0.20818251654978343, 

0.6014145332633378, 

0.7129758245684663]
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FunSearch
Search for code instead of vectors.

(Romera-Paredes et al., 2024), Google DeepMind



Local Search

Let Score(𝐼) ≔ RandBestFit(𝐼)/ Opt(𝐼).
1. Start with some list of floats 𝐼.
2. Throw some random noise on 𝐼:
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Local Search FunSearch

Let Score(𝐼) ≔ RandBestFit(𝐼)/ Opt(𝐼).
1. Start with some list of floats 𝐼 python-program 𝐼.
2. Throw some random noise on 𝐼:

𝐼′ = [𝑥 + random.random() | 𝑥 ∈ 𝐼].
𝐼′ = llm-query("Hello ChatGPT, please slightly change 𝐼...").

3. Check if Score(𝐼′) > Score(𝐼).
• If so, replace 𝐼 with 𝐼′

4. Goto 2.



Example starting code
@funsearch.evolve

def get_items() -> list[float]:

    """Return a new bin-packing-instance, specified by the list

    of items. The items must be floats between 0 and 1."""

    items = [0.4, 0.5, 0.6]

    return items

Score: 1.0



Function found by FunSearch
def get_items() -> list[float]:

    """Yet another version of `get_items_v0`, `get_items_v1`, and 

`get_items_v2`, with some lines altered."""

    items = [0.8, 0.2, 0.6, 0.4]

    # Split the first item into seven smaller items and the fourth 

item into five smaller items

    items = [0.114, 0.114, 0.114, 0.114, 0.114, 0.114, 0.114] + 

items[1:3] + [0.08, 0.08, 0.08, 0.08, 0.08]

    return items

Score: 1.4975



Cleaned up by hand
def get_items() -> list[float]:

    return [0.8 / 7] * 7 + [0.2, 0.6] + [0.4 / 5] * 5

Score: 1.49
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    return [1.0 / 4] * 4        +       [1.0 / 5] * 5

Score: 1.49
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Theorem :  The absolute random-order-ratio of Best-Fit 
ApxRandBestFit is at least 1.5.
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Hierarchical Clustering



Price of Hierarchy

Ratio𝑘-median(ℋ) ≔ max
𝑘=1,…,𝑛

𝑘-median(ℋ𝑘)
𝑘-median(Opt𝑘)

ApxHierarchial 𝑘-median ≔ sup
points 𝐼

min
hierarchical clustering ℋ on 𝐼

Ratio𝑘-median(ℋ)

Prior Work by Dai (2014):

1.0 ≤ ApxHierarchial 𝑘-median ≤ 16.0



Example starting code
@funsearch.evolve

def get_weighted_points() -> list[tuple[float, np.ndarray]]:

    """Return a new weighted clustering-problem, specified by a

    list of weighted points. The returned tuple consists of the

    weight of the point, and the point itself."""

    weighted_points = [

      (1.0, np.array([0, 0, 0, 0])),

      (1e8, np.array([1, 0, 0, 0]))

    ]

    return weighted_points

Score: 1.0.



What FunSearch found
return [

    (1.0, np.zeros(14)),

    (1e10, np.ones(14)),

    *[(1.0, np.eye(14)[i]) for i in range(7)],

    *[(1.0, np.eye(14)[i]*-1) for i in range(7, 13)],

    *[(1e10-i*1e9, np.linspace(i*0.1, (i+1)*0.1, 14, endpoint=False)) for i in 

range(7)],

    (1e11, np.array([13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0])),

    (1e12, np.array([0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13])),

    (1e13, np.array([1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14])*10),

    (1e14, np.array([14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1])*100),

    (1e15, np.array([1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1])*1000),

]

Score: 1.538



Trimming irrelevant lines
return [

    (1.0, np.zeros(14)),

    *[(1.0, np.eye(14)[i]) for i in range(7)],

    *[(1.0, np.eye(14)[i] * -1) for i in range(7, 13)],

    (1e10, np.linspace(0, 0.1, 14, endpoint=False)),

]

Score: 1.538



Playing around with the instance
return [

    (1.0, np.zeros(14)),

    *[(1.0, -np.eye(14)[i]) for i in range(14)],

    (1e10, np.ones(14) / 20),

]

Score: 1.566



We could now prove things
Fix the dimension 𝑑 ≥ 2. Define 𝑐 ≔ 2/(√4𝑑2 + (3 − 𝑑)2 + 𝑑 − 3). Let 𝑒𝑖 be the 𝑖th 𝑑-dimensional 
standard-basis-vector. Consider the following weighted-discrete-kmedian-clustering-problem on 𝑑 + 2 
points:

(0, …, 0), (𝑐, …, 𝑐), −𝑒1, …, −𝑒𝑑,



Theorem :

ApxHierarchial 𝑘-median ≥ 𝜑 = 1 + √5
2 ≈ 1.618.



Results Overview

Best-Fit 𝑘-median Knapsack Gasoline
Previous Lower Bound 1.3 1.0 2.0 2.0
Local Search 1.478 1.36 1.93 2.11
FunSearch 1.497 1.538 646.93 3.05
FunSearch + Human 1.5 1.618 1.415𝑛 4.65
Known Upper Bound 1.7 16.0 2.0𝑛 None
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Future Research

• Automate pipeline fully using AITP?
• Use FunSearch for developing new heuristics
• Low hanging fruit!
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