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The Addressed Task: Generating Theorems. We address generating theorems, together
with proofs, from a given set of axioms, without proof goal, aiming at value from a mathematical
point of view or as lemmas for automated proving. This occurs as subtask in automated proving
and is also a classic objective of automated reasoning, studied, e.g., with Scott’s challenge
[35]. Modern variations include lemma generation [19], premise selection, and, more generally,
learning and AI methods for automated reasoning [5].

Technical Approach: Generating Proof Terms. Our techniques are based on proof terms
and condensed detachment. On the one hand this links to Metamath [16] and formulas-as-
types; on the other hand it ties in with proof search through enumeration of proof structures,
interwoven with formula unification, as in the connection method [3, 4] and in clausal tableaux
[13]. Redundancies are avoided by having each structure (proof) only once in the enumeration,
and by eliminating sets of structures early on through failure of unification for a substructure.
Commonly, the approach is employed “top-down”, utilizing the unifiability restriction with a
ground-instantiated goal theorem. Compared to saturation-based provers, this has the serious
drawback that proven subgoals are not re-used in fresh copies. However, proof structures can
also be enumerated “bottom-up” without a given goal [22, 19, 28], and as DAGs with copying
formulas for each incoming edge [8, 27]. We utilize this for generating theorems by generating
proof terms, based on inductive level characterizations.

Inductive Level Characterizations. A level characterization is the specification of a
partition of the set of all proof terms into a series L0, L1, L2, . . . of disjoint subsets, called levels.
Utilizing a level characterization to organize practical reasoning is facilitated by a so-called
inductive level characterization, an inductive specification that can be read in two ways as
high-level specification of an algorithm to generate proof terms level-by-level: (1) Top-down,
embedded in iterative deepening, and (2) bottom-up. In both cases, the practical generation
of levels is interwoven with computing via formula unification most general theorems (MGTs)
proven by the proof terms. Proof terms where this unification fails, i.e., which have no defined
MGT (are not well-typed, in the formulas-as-types view) are excluded early on. Bottom-up
processing on the basis of inductive level characterizations shares with saturation-based provers
two key features that are of general importance for proving and generating theorems.

1. Caching to avoid recomputations.
2. A certain simple way to incorporate restrictions: The actually computed levels can be

restricted to proof terms that meet heuristic criteria, e.g., a limit on the size of the MGT.

The compacted size (or DAG-size) of a proof term is the number of inner nodes of the unique
minimal DAG that represents the term. Level generation by compacted size, i.e., such that
level Li is the set of proof terms with compacted size i, seems appealing for two reasons:

1. The compacted size of a proof term is often significantly smaller than its tree size (the
number of inner nodes of the term as tree).

2. Generation by compacted size justifies incorporating combinators1 like axioms into the
proof term enumeration [27]. The combinators restructure the proof term such that new
possibilities of factoring shared subterms emerge, reducing the compacted size. At the
same time, they can be handled in determining MGTs like ordinary axioms.

1In the sense of combinatory logic [23, 6]. For a practice-oriented introduction see [18].
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Differently from tree size or height, an inductive level characterization by compacted size seems
not straightforward. However, if we give up completeness, i.e., accept that there are proof terms
that are not in any Li, the PSP (for Proof-SubProof ) level [31, 32] provides an inductive level
characterization by compacted size. Generation by PSP level was applied to solve an ATP
challenge problem [19]. Bottom-up (and also top-down) proof term generation with inductive
level characterizations is implemented in our highly configurable system SGCD [28, 29].

A Benchmark Extracted from set.mm and Two Novel Techniques. As benchmark
theorem set we extract a foundational fragment from the Metamath Database set.mm2 [14, 15]:
From the best-curated two-thirds (28,673 theorems) we take those 1,374 theorems that depend
only on the axiomatization of classical propositional logic with three axioms. We identify 554 of
these theorems as “easy-to-generate”, which means, proofs for them appear in the outputs of
straightforward heuristically restricted bottom-up runs of SGCD on the three axioms. With
two novel techniques, we generate proofs for 180 more of these theorems:

1. Lemma synthesis via DAG compression of proof terms. The underlying hypothesis is that
a formula is a valuable lemma if it is proven with a proof term that has a significant
compressing effect on some set of previously generated proof terms. We start with a set of
proof terms obtained by straightforward heuristically restricted bottom-up runs of SGCD
on the three axioms. We apply DAG compression to the set and select proof terms from
the DAG, basically according to their compressing effect. In a subsequent run of SGCD
the axioms are supplemented with the MGTs of these selected proof terms.

2. Combinatory proof schemas. These allow to incorporate combinators into proof terms,
similar to axioms, but for their compressing effect, and in a restricted way such that only
specified combinators in specified contexts can become constituents of proof terms.

For several benchmark theorems for which we could generate proofs, the proving problem is hard
for provers. Supplied to provers, our lemmas obtained with technique 1 significantly increase
solution rates, e.g., for Vampire [12] from 74% to 94%, and for leanCoP [17] from 7% to 44%.

Related Work and Outlook. Our approach is centered on proof structures as terms that are
enumerated and compressed, differently from most works with similar aims, which are centered
on formulas, e.g., [35, 25, 9, 1, 2]. An early exception is [21, 7], where the compressing effect of
subproofs in a proof DAG serves to identify important steps. This and other measures based
on proof graphs were later investigated with large HOL light corpora for lemma synthesis and
premise selection [10].

Although our experiments are only with the axioms for propositional logic from set.mm,
the techniques and their implementation are ready to be applied with other axioms, arbitrary
first-order Horn formulas. The modeling of predicate logic in set.mm seems related to equality
reasoning, raising the question whether inductive level characterizations allow here to transfer
techniques from saturation-based provers. Overall, essential for our approach are just proof terms
with an MGT. This should also work for resolution, if proofs are constrained or transformed such
that final steps are for goal clauses ([24], [11, Lemma 4.1.3]). Another way towards resolution
would be simulating it through combinators, as indicated in [27] and related to [8].

For machine learning approaches to ATP that are based on proof structures, e.g., [19, 20, 33],
our goal is to provide a foundation, implemented infrastructure, and “symbolic yardstick”.

Artifacts and Full Paper. The presented techniques are implemented in SWI-Prolog [34]
with CD Tools [26]. Code for the experiments and further artifacts, e.g., problem files in TPTP
format, are accessible from http://cs.christophwernhard.com/cdtools/exp-thgen/. A full
version of this work is published as [29] (preprint with supplementary appendices: [30]).

2https://github.com/metamath/set.mm, from July 5, 2025 (commit 011fba3).
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