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Motivation: guided learning

• Proof-based mathematics is difficult to learn and 
self-study 

‣ Current approach requires human experts

• An interactive system capable of helping with 
arbitrary mathematics would require: 

‣ Mathematical reasoning ability 

‣ Natural language ability 

Mathematical assistant
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Informal — formal spectrum
• The mathematical assistant can be approached from a variety of angles

• We consider the informal side here

‣ Progress on/between any point of the spectrum is worthwhile

Motivation: guided learning

Colada 
[Hales 2020]

Mathlib/Lean

Proofwiki
Textbook

FormalInformal

http://aitp-conference.org/2020/abstract/paper_20.pdf
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‣ Large-scale language models  
(e.g. BERT [Devlin et al 2018], GPT [Radford et al 2019], T5 [Raffel et al 2019], BART [Lewis et al 2020])

‣ Formal mathematics: e.g. GPT-f [Polu & Sutskever 2020], Skip-Tree [Rabe et al 2020], PACT [Han et al 2021]

‣ Auto-formalization: e.g. [Kaliszyk et al 2014], [Wang et al 2020], [Szegedy 2020]

‣ Neural Retrieval

‣ Dual encoder [Noguiera & Cho 2019], Dense Passage Retrieval [Karpukhin et al 2020]

Large-scale NLP methods for mathematics
Motivation: guided learning
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• Broad-coverage mathematics

‣ Proofwiki: 20k theorems, 12.5k definitions
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Multi-domain NaturalProofs
Data sources
• Broad-coverage mathematics

‣ Proofwiki: 20k theorems, 12.5k definitions

- Large intersection with undergraduate 
curricula

- Real-world users can benefit from tooling

- Overlap: PlanetMath

- Overlap: Mathlib (Lean)
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Multi-domain NaturalProofs

• Broad-coverage

• Deep-coverage

‣ Stacks: 12.5k theorems,  
               1.7k definitions

- Research-level

- Large-scale, density can benefit from search

- Overlap: Subset formalized in Lean

- Overlap: Arxiv

Data sources

https://stacks.math.columbia.edu/ 

Ramon Fernández Mir 
https://github.com/ramonfmir/lean-scheme 

https://stacks.math.columbia.edu/
https://github.com/ramonfmir/lean-scheme
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‣ Textbooks: Real Analysis,  
                       Number Theory

- Education applications
- ML challenge: OOD generalization 

     298 / 69 theorems 
     86   / 37 defintions

Data sources
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Multi-domain NaturalProofs

• Broad-coverage

• Deep-coverage

• Low-resource

‣ Textbooks: Real Analysis,  
                       Number Theory

- Education applications
- ML challenge: OOD generalization 

     298 / 69 theorems 
     86   / 37 defintions

- Overlap: Proofwiki

Data sources



NaturalProofs | AITP 2021 
Sean Welleck

Multi-domain NaturalProofs
Schema



NaturalProofs | AITP 2021 
Sean Welleck

Multi-domain NaturalProofs
Schema — Example



NaturalProofs | AITP 2021 
Sean Welleck

Multi-domain NaturalProofs
Schema — Example



NaturalProofs | AITP 2021 
Sean Welleck

• ~30k theorems & proofs 

• ~14k definitions 

• ~2k other pages (e.g. axioms)

Multi-domain NaturalProofs
Summary



NaturalProofs | AITP 2021 
Sean Welleck

• ~30k theorems & proofs 

• ~14k definitions 

• ~2k other pages (e.g. axioms)

Multi-domain NaturalProofs
Summary

https://github.com/wellecks/naturalproofs 

https://github.com/wellecks/naturalproofs
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NaturalProofs tasks
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“this seems related to involutions” 
 

“a few days ago I proved 
that an involution is a permutation…”

Intuition, analogy,  
pattern matching

David Hilbert

Mathematical reasoner

Symbolic, search

Kaliszyk et al 2018
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Premise selection
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“this seems related to involutions” 
 

“a few days ago I proved 
that an involution is a permutation…”

Intuition, analogy,  
pattern matching

David Hilbert
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• Given a statement,  
retrieve references that occur in its proof.

• Retrieval:

‣ : theoremx

‣ : theorems, definitions, otherℛ

‣ : ranked listr(1), …, r(|ℛ|)

- Highly ranked  in proof of ⟹ x

• Evaluate with standard retrieval metrics

Input Output

Task
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Mathematical reference retrieval

• Given a statement,  
retrieve references that occur in its proof.

• Retrieval:

‣ : theoremx

‣ : theorems, definitions, otherℛ

‣ : ranked listr(1), …, r(|ℛ|)

- Highly ranked  in proof of ⟹ x

• Evaluate with standard retrieval metrics

Input Output

• Premise selection 
‣ [e.g. Alemi et al 2017, Piotrowski & Urban 2020] 

• Natural language premise selection
‣ [Ferreira & Freitas 2020 a, b]

‣  (e.g. )r ∈ proof(x) for R ⊂ ℛ |R | ≤ 30

Task

https://arxiv.org/abs/1606.04442
https://arxiv.org/abs/2004.08212
https://arxiv.org/pdf/2004.14959.pdf
https://aclanthology.org/2020.acl-main.657.pdf
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‣ 25,000 examples    

‣ 45,000 references 

(x, {r1, …, r|y|})

|ℛ |
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• NaturalProofs-derived retrieval dataset 

‣ 25,000 examples    

‣ 45,000 references 

(x, {r1, …, r|y|})

|ℛ |

‣ Temporal evaluation splits 

‣ Prove new theorems at evaluation time

‣ Textbooks evaluation set

‣ References per example: 

‣ ~7.5 Proofwiki, ~3 Stacks, ~2 textbooks

Mathematical reference retrieval
Data
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• Learning: With theorem , references in proof  

‣ True reference distribution                 

‣ Goal: match true distribution            

 

                                                           

x y = {r1, …, r|y|}

p*(r |x) ∝ {1 r ∈ y
0 otherwise

min
θ

KL(p*( ⋅ |x) |pθ( ⋅ |x))

≡ min
θ

− ∑
r∈y

log exp(sθ(x, r))
∑r′ ∈ℛ exp(sθ(x, r′ ))

Mathematical reference retrieval
General objective
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• Model 1: “Pairwise"

‣ Pairwise scoring:  
 

sθ(x, r) = fθ1
(x)⊤gθ2

(r)

‣ Approximate loss: Contrast each reference with negatives 
 

           

 
Negatives: other references in the mini-batch  
[Karpukhin et al 2020]

ℒ(x, r, y−) = − ∑
r∈y

log exp(sθ(x, r))
∑r′ ∈y−

exp(sθ(x, r′ ))

Mathematical reference retrieval
Pairwise model

Training
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• Model 1: “Pairwise"

‣ Pairwise scoring:  
 

sθ(x, r) = fθ1
(x)⊤gθ2

(r)

‣ Approximate loss: Contrast each reference with negatives 
 

           

 
Negatives: other references in the mini-batch  
[Karpukhin et al 2020]

ℒ(x, r, y−) = − ∑
r∈y

log exp(sθ(x, r))
∑r′ ∈y−

exp(sθ(x, r′ ))

Mathematical reference retrieval
Pairwise model

Evaluation
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• Model 2: “Joint”

‣ Parallel scoring:  
                                  
                                 where       
                                             

pθ( ⋅ |x) = softmax (Rfθ(x))
R ∈ ℝ|ℛ|×d

fθ(x) ∈ ℝd

‣ Use the pairwise model’s reference encoder to populate ,R

                                         R =
−− gϕ(r1) −−

…
−−gϕ(r|ℛ|) −−

,

‣ Exact loss: ℒ(x, y) = KL(p*( ⋅ |x) |pθ( ⋅ |x))

Mathematical reference retrieval
Joint model

Training & Evaluation
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Mathematical reference retrieval
Experiments

• In-domain 

‣ Train and evaluate on the same domain 

‣ Ablations & analysis 

• Out-of-domain 

‣ Evaluate on an unseen domain (textbooks)
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Mathematical reference retrieval
Experiments | In-domain

✓BERT better than classical IR & other baselines

✓ Joint improves over pairwise

✓Top 10 contains ~40% of true references

• All true references for 20-30% examples

✓BERT top 100 contains:

• Roughly 75% of true references

• All true references for ~50-65% of examples

‣ x Training on both datasets did not yield improvements
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Mathematical reference retrieval
Experiments | Qualitative examples

True References

Top-10 model rankings
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Mathematical reference retrieval
Experiments | Out-of-domain

‣ x Neural methods did not generalize well 
to out-of-domain textbooks

‣ Training distribution impacts OOD 
generalization (Proofwiki > Stacks)

Stacks
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Mathematical reference retrieval
Experiments

‣ Initializing Joint model with trained 
pairwise model important 

‣ + using pairwise model’s reference 
embeddings important
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Empirical analysis

• Fine-tuning induces semantic groups in 
reference embeddings

MLP

Mathematical reference retrieval

Before NaturalProofs training After NaturalProofs training
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Reference generation

• Given a statement  x

• Predict the sequence of references in its proof, 
 

 
y = (r1, …, r|y|)

• Autoregressive model (encoder-decoder):

‣ pθ(r1, …, r|y| ∣ x) =
|y|+1

∏
t=1

pθ(rt |r<t, x),

Input

Output

Output:  
(r1, … , r|y|)
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Reference generation

‣ Oracle benchmarks: 

‣ Correct set (random order) 

‣ Correct multiset (random order) 

‣ Correct 1st half of sequence 

‣ Large room for improvement
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+ data
Self-supervised tasks & 

adaptation
Improve generation performance
Improve sample efficiency / OOD

‣ Domain-specific self-supervised tasks benefit formalized mathematics 

‣ e.g. Skip-tree [Rabe et al 2020], LIME [Wu et al 2021], PACT [Han et al 2021] 

‣ What are effective self-supervised tasks for informal mathematics?
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‣ Other tasks with informal mathematics

‣ Preliminary exploration: 

‣ BART title generation

New tasks
Next-step generation 
Title generation

Suggests references/premises 
Suggests next-steps 
Retrieves related background sources

ProofWiki assistant

Textbook assistant
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‣ Other tasks with informal mathematics

‣ Preliminary exploration: 

‣ BART title generation

‣ Next-step generation

‣ Retrieval-augmented generation

‣ Note: no formal grounding for eval

New tasks
Next-step generation 
Title generation

Suggests references/premises 
Suggests next-steps 
Retrieves related background sources

ProofWiki assistant

Textbook assistant
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Evaluation formal↔
Translation 
Aligned bootstrapping 
Controlled languages?

‣ Retrieval-augmented generation 

‣ Induce association between informal and formal 

‣ Bootstrapping from aligned corpora
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Thank you!
Resources

• Data/models/code: https://github.com/wellecks/naturalproofs  

• Neurips 2021 Datasets & Benchmarks: 
https://arxiv.org/pdf/2104.01112.pdf 

https://github.com/wellecks/naturalproofs
https://arxiv.org/pdf/2104.01112.pdf

