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We present an interface for reinforcement learning for interactive theorem proving in HOL4.
The interface supports treating HOL4 as an interactive environment for agents to learn to prove
theorems in a tactic style. We also describe in detail our reinforcement learning settings for
the task, including the design of states, rewards and policy networks. We then give preliminary
results demonstrating that theorem proving in HOL4 can be learned with our baseline approach
of reinforcement learning using the interface.
Learning systems for interactive theorem proving have started to appear in recent years.
Among them there are systems for special purposes such as premise selection [2][16] or algebraic
rewriting [11]. There are supervised learning systems designed for general proof search such
as TacticToe [8] for HOL4 [14] and CoqGym [18] for Coq [4]. There are also systems using
deep reinforcement learning for general proof search such as DeepHOL [3] for HOL Light [9].
Our system is designed for general proof search in HOL4. Unlike TacticToe, which learns from
human proof scripts without using deep learning, we use deep reinforcement learning to train
policy networks to predict tactics as well as their arguments. Our system is also different from
DeepHOL in the following aspects.
• The arguments of a tactic can be not only names of theorems, but also HOL4 terms. Like
DeepHOL, predictions are made based on the embedded statements (i.e., expressions) of
theorems, not their names.
• For tactics that can take more than one argument, an argument is predicted not only
depending on the tactic and the context, but also the previously predicted arguments
of the same tactic application. This is because some tactics, such as simp and fs, are
sensitive to such dependence.
• The system does not assume a fixed set of tokens in advance. Once the agent is trained,
it should be able to handle newly introduced definitions and theorems which are likely to
contain new tokens invented by a user.
Another related implementation of deep reinforcement learning in HOL4 is given by Gauthier [7]
recently. The implementation supports reinforcement learning inside HOL4 by implementing
basic learning algorithms in standard ML. On the other hand, our interface supports interaction with HOL4 from within Python and manages proofs on the Python side. The interface is designed in a way that HOL4 theorem proving could be integrated as an actual Gym
environment[5]. The environment provides information that can be directly processed by popular machine learning frameworks such as PyTorch [12] or TensorFlow [1].
Reinforcement learning formulation A proof attempt in HOL4 can be treated as a game.
A state of the game is what we call a fringe. A fringe contains all the remaining goals of
a proof attempt, along with their corresponding local context. If one thinks of proof search
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as a tree with edges being tactic applications and nodes being the resulting set of goals with
their contexts, then the fringe is the union of the unexplored nodes at some stage. A game
is won if the fringe becomes empty within a fixed number of timesteps. The action space can
be arbitrarily large, as we consider a set of selected tactics as well as their arguments, which
can possibly be all the definitions and theorems available in HOL4 or those provided by a user.
During proof search, if a theorem is proved, then it is also added to the candidate pool from
which an argument is chosen. We distinguish certain resulting states of a tactic application
for reward shaping. An action is called ineffective if the tactic application does not change the
goal nor its corresponding context. For an inapplicable or ineffective action, we penalize the
agent by giving it a reward -2. If an action times out, then the agent receives a reward -1. If
the agent managed to prove the main goal within a fixed number of timesteps, then we give it
a positive reward that is sufficient to compensate the damage due to the penalization so that
the accumulated reward of the episode would end up positive. In other situations, it receives a
reward 0.
Policies Actions are predicted by a combination of three policy networks – a tactic policy for
choosing a tactic, an argument policy for choosing a list of theorem names as the arguments
of the tactic and a term policy for choosing a term if the tactic expects a HOL4 term as its
argument. The tactic policy takes a state as an input, and returns a probability distribution
πtactic over the possible tactics. The agent then samples one tactic to apply according to
πtactic . The argument policy takes additionally the previously predicted argument and a hidden
variable, and returns the scores s of the candidate theorems and a hidden variable h. An
argument t is then chosen by sampling Softmax(s). Then t and h are passed to the same policy
again to predict next argument. The hidden variables are computed by a LSTM [10]. The
term policy is similar to the argument policy, but the candidates are currently restricted to
the tokens occurring in the goal being handled. In our basic settings, the predicted action is
applied to the first element in the fringe by default. Backtracking is also not explicitly treated
as an action in the basic settings, as it can be expected that the policy networks should learn to
avoid unpromising applications by itself. However, more sophisticated approaches are always
possible. For example, we can have an additional value network that scores the states for
pruning unpromising actions.
Learning algorithms The policies are trained by policy gradient methods [15]. In our baseline approach, the policy networks are trained jointly using the REINFORCE [17] algorithm.
We also describe the possibility of adding Monte-Carlo Tree Search [6] based on the learned
policies as a policy improvement operator [13].
Preliminary Experiments We implement the baseline approach in PyTorch. Preliminary
results are obtained based on the following settings. We train the agent to prove 10 theorems
from the list theory of HOL4. Tactics allowed to be used in the proofs are simp, fs, metis_tac,
Induct_on, irule, and strip_tac. For tactics that take theorems as arguments, we only
allow the 56 definitions in the list theory to be chosen as the arguments. The length of the
argument list is fixed to 5. Reuse of proved theorems is disabled. That is, the agent always
tries to prove a theorem from scratch. For induction, the argument can be an arbitrary variable
occurring in the goal. One iteration of training contains 10 episodes. Each episode is a proof
attempt of one of the 10 theorems. If a theorem is proved, then the agent gains a reward of
100. Othewise, the rewards are as described in the above reinforcement learning formulation.
The timeout limit for a single tactic is set to be 0.2 seconds. The timestep limit for a single
2
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(a) Average total rewards received in each iteration. (b) Average steps to find a proof in each iteration.

Figure 1: Peformances in terms of total rewards and timesteps.
proof attempt is 20. We train the agent for 400 iterations and compare its performance against
random rollouts with the same settings. It can be seen from Table 1 and Figure 1 that the agent
is able to prove more theorems as the training goes on, and is guessing less to find a proof.

Overall
Last 100 episodes
Random

average rewards
56.8
65.7
14.2

average steps
6.6
5.9
10

successful proofs
2771
75
1533

success rate
69.2%
75%
38.3%

Table 1: Performances of training and random rollouts on the same settings. Average steps
refer to the number of timesteps needed to find a proof.

Improvements In our baseline approach, each formula in the fringe is given as a sequence of a
finite number of tokens in Polish notation. The tree struture of a formula is not fully reflected in
the representation which uses integer encoding, and the models are sequence-based. We plan to
replace the current representation by more sophisticated ones such as learned embeddings using
RNN as proposed in GamePad [11] or TNN for HOL4 terms as proposed in [7]. With better
and deeper networks for both representation and policies, we hope that the performance of
preliminary experiments generalizes to a larger scale. Other improvements include pre-training
the policies on easy problems to accelerate training, or learning a supervised policy in advance
[13] to help with proof exploration. We may also model backtracking by considering a proof
graph as a state and allow the agent to choose fringes to work on.
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