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Letter from Leibniz to Gallois, 1677 (GP VII, 21-22); translation by Russel, 1900

Part A
Universal Reasoning in Meta-logic HOL

(utilising Shallow Semantical Embeddings):

C. Benzmüller & D. Scott, 2018
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Logic Zoo
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. . .

Jww colleagues: formalisation of scientific articles and textbooks
I . . . in Philosophy, Maths, AI, CS
I . . . requiring very different logics

How possible in a single Mathematical Proof Assistant system?
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Example: Modal Logic Textbook
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Universal Logic Reasoning in Isabelle/HOL
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Universal Logic Reasoning in HOL

HOL

Logic L
Syntax

Logic L
Semantics

Examples for L we have already studied:
Intuitionistic Logics, Modal Logics, Description Logics, Conditional Logics, Access Control
Logics, Hybrid Logics, Multivalued Logics, Paraconsistent Logics, Hyper-intensional
Higher-Order Modal Logic, Free Logic, Dyadic Deontic Logic, Input/Output Logic, . . .

Embedding works also for quantifiers (first-order & higher-order)

HOL provers become universal logic reasoning engines!

interactive: Isabelle/HOL, PVS, HOL4, Hol Light, Coq/HOL, . . .

automated: Leo-III, LEO-II, Satallax, TPS, Nitpick, Isabelle/HOL, . . .
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Part B:
Free Logic in HOL

[Free Logic in Isabelle/HOL, ICMS, 2016]
[Axiomatizing Category Theory in Free Logic, arXiv:1609.01493, 2016]

C. Benzmüller & D. Scott, 2018



Free Logic: Elegant Approach to Definite Description and Undefinedness
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Previous Approaches (rough sketch)

The present King of France is bald.
.

Russel (first approach) pkof := present King of France
bald(ιx.pkof (x))

iff
(∃x.pkof (x)) ∧ (∀x, y.((pkof (x) ∧ pkof (y))→ x = y) ∧ (∀x.pkof ((x)→ bald(x))

Hence, false.

Frege
ιx.pkof (x) does not denote; bald(ιx.pkof (x)) has no truth value.

Hilbert-Bernays
If the existence and uniqueness conditions cannot be proved, then the term
ιx.pkof (x) is not part of the language.
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Free Logic: Elegant Approach to Definite Description and Undefinedness

Existence and Description in Formal Logic (Dana Scott), 1967

Principle 1: Bound individual variables range over domain E ⊂ D

Principle 2: Values of terms and free variables are in D, not necessarily in E only.

Principle 3: Domain E may be empty

E: existing objects

values of bound variables

D: raw objects

values of free variables

?
undefined

Figure: Illustration of the semantical domains of free logic

C. Benzmüller & D. Scott, 2018



Free Logic in HOL

E: existing objects

values of bound variables

D: raw objects

values of free variables

?
undefined
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Part C:
Exploration of Axioms Systems for Category Theory
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Exemplary Case Study: Exploration of Axioms Sets for Category Theory

Dana Scott

Axioms Set I

——
Generalized

Monoids
——

Axioms Set II

——
——
——
——

Axioms Set III

——
——
——
——

Axioms Set IV

——
——
——
——

Axioms Set V

——
Dana Scott’s

Axioms from 1977
——
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Exemplary Case Study: Exploration of Axioms Sets for Category Theory

Dana Scott

Axioms Set I

——
Generalized

Monoids
——

Axioms Set II

——
——
——
——

Axioms Set III

——
——
——
——

Axioms Set IV

——
——
——
——

Axioms Set V

——
Dana Scott’s

Axioms from 1977
——

–?–

Axioms Set VI

——
Freyd & Scedrov’s
Axioms from 1992

——

all equivalent?
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Preliminaries

Morphisms: objects of type of i (raw domain D)

Partial functions:

domain dom of type i→ i
codomain cod of type i→ i
composition · of type i→ i→ i (resp. i × i→ i)

Partiality of “·” handled as expected:
a · b may be non-existing for some existing morphisms a and b.

E: existing objects

a b

D: raw objects

a · b

C. Benzmüller & D. Scott, 2018
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codomain cod of type i→ i
composition · of type i→ i→ i (resp. i × i→ i)

� denotes Kleene equality: x � y ≡ (Ex ∨ Ey)→ x = y

(where = is identity on all objects of type i, existing or non-existing)

� is an equivalence relation: Sledgehammer.

' denotes existing identity: x ' y ≡ Ex ∧ Ey ∧ x = y

' is symmetric and transitive, but lacks reflexivity: Sledgehammer, Nitpick.

I ' equivalence relation on E, empty relation outside E
I 1/0 ; 1/0 1/0 ; 2/0 . . .
I Ix.pkoFrance(x) ; Ix.pkoFrance(x)

Ix.pkoFrance(x) ; Ix.pkoPoland(x)
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From Monoids to Categories

Monoid
A monoid is an algebraic structure (S, ◦), where ◦ is a binary operator on set S,
satisfying the following properties:

Closure: ∀a, b ∈ S. a ◦ b ∈ S
Associativity: ∀a, b, c ∈ S. a ◦ (b ◦ c) = (a ◦ b) ◦ c
Identity: ∃idS ∈ S. ∀a ∈ S. idS ◦ a = a = a ◦ idS

That is, a monoid is a semigroup with a two-sided identity element.

C. Benzmüller & D. Scott, 2018



From Monoids to Categories

We employ a partial, strict binary composition operation ·
Left and right identity elements are addressed in Ci, Di, .

Categories: Axioms Set I
Si Strictness E(x · y)→ (Ex ∧ Ey)
Ei Existence E(x · y)← (Ex ∧ Ey ∧ (∃z.z · z � z ∧ x · z � x ∧ z · y � y))
Ai Associativity x · (y · z) � (x · y) · z
Ci Codomain ∀y.∃i.ID(i) ∧ i · y � y
Di Domain ∀x.∃j.ID(j) ∧ x · j � x

where I is an identity morphism predicate:

ID(i) ≡ (∀x. E(i · x)→ i · x � x) ∧ (∀x. E(x · i)→ x · i � x)

C. Benzmüller & D. Scott, 2018
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From Monoids to Categories

We employ a partial, strict binary composition operation ·
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• The i in axiom C is unique: Sledgehammer.
• The j in axiom D is unique: Sledgehammer.
• However, the i and j need not be equal: Nitpick
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From Monoids to Categories

We employ a partial, strict binary composition operation ·
Left and right identity elements are addressed in Ci, Di, .
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ID(i) ≡ (∀x. E(i · x)→ i · x � x) ∧ (∀x. E(x · i)→ x · i � x)

Experiments with Isabelle/HOL

• Model finder Nitpick confirms that this axiom set is consistent.
• Even if we assume there are non-existing objects (∃x.¬(Ex)) we get consistency.
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Interaction: Dana – Christoph – Isabelle/HOL
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From Monoids to Categories

Axioms Set II is developed from Axioms Set I by Skolem-
ization of i and j in axioms C and D. We can argue
semantically that every model of Axioms Set I has such
functions. The strictness axiom S is extended, so that
strictness is now also postulated for the new Skolem func-
tions dom and cod.

Categories: Axioms Set II
Sii Strictness E(x · y)→ (Ex ∧ Ey) ∧ (E(dom x)→ Ex) ∧ (E(cod y)→ Ey)
Eii Existence E(x · y)← (Ex ∧ Ey ∧ (∃z.z · z � z ∧ x · z � x ∧ z · y � y))
Aii Associativity x · (y · z) � (x · y) · z
Cii Codomain Ey→ (ID(cod y) ∧ (cod y) · y � y)
Dii Domain Ex→ (ID(dom x) ∧ x · (dom x) � x)

Categories: Axioms Set I
Si Strictness E(x · y)→ (Ex ∧ Ey)
Ei Existence E(x · y)← (Ex ∧ Ey ∧ (∃z.z · z � z ∧ x · z � x ∧ z · y � y))
Ai Associativity x · (y · z) � (x · y) · z
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• Consistency holds (also when ∃x.¬(Ex)): confirmed by Nitpick.
• Axiom Set II implies Axioms Set I: easily proved by Sledgehammer.
• Axiom Set I also implies Axioms Set II (by semantical means on the meta-level)
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From Monoids to Categories

In Axioms Set III the existence axiom E is simplified by
taking advantage of the two new Skolem functions dom
and cod.

Categories: Axioms Set III
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In Axioms Set III the existence axiom E is simplified by
taking advantage of the two new Skolem functions dom
and cod.
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Ciii Codomain Ey→ (ID(cod y) ∧ (cod y) · y � y)
Diii Domain Ex→ (ID(dom x) ∧ x · (dom x) � x)

Experiments with Isabelle/HOL

• Consistency holds (also when ∃x.¬(Ex)): confirmed by Nitpick.
• The left-to-right direction of existence axiom E is implied: Sledgehammer.
• Axioms Set III implies Axioms Set II: Sledgehammer.
• Axioms Set II implies Axioms Set III: Sledgehammer.
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Interesting Model (idempotents, but no left- & right-identities)
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Interesting Model (idempotents, but no left- & right-identities)
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From Monoids to Categories

Axioms Set IV simplifies the axioms C and D. However,
as it turned out, these simplifications also require the ex-
istence axiom E to be strengthened into an equivalence.

Categories: Axioms Set IV
Siv Strictness E(x · y)→ (Ex ∧ Ey) ∧ (E(dom x)→ Ex) ∧ (E(cod y)→ Ey)
Eiv Existence E(x · y)↔ (dom x � cod y ∧ E(cod y))
Aiv Associativity x · (y · z) � (x · y) · z
Civ Codomain (cod y) · y � y
Div Domain x · (dom x) � x

Categories: Axioms Set III
Siii Strictness E(x · y)→ (Ex ∧ Ey) ∧ (E(dom x)→ Ex) ∧ (E(cod y)→ Ey)
Eiii Existence E(x · y)← (dom x � cod y ∧ E(cod y))
Aiii Associativity x · (y · z) � (x · y) · z
Ciii Codomain Ey→ (ID(cod y) ∧ (cod y) · y � y)
Diii Domain Ex→ (ID(dom x) ∧ x · (dom x) � x)
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From Monoids to Categories

Axioms Set IV simplifies the axioms C and D. However,
as it turned out, these simplifications also require the ex-
istence axiom E to be strengthened into an equivalence.

Categories: Axioms Set IV
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Experiments with Isabelle/HOL

• Consistency holds (also when ∃x.¬(Ex)): confirmed by Nitpick.
• Axioms Set IV implies Axioms Set III: Sledgehammer.
• Axioms Set III implies Axioms Set IV: Sledgehammer.
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From Monoids to Categories

Axioms Set V simplifies axiom E (and S).
Now, strictness of · is implied.

Categories: Axioms Set V (Scott, 1977)

S1 Strictness E(dom x)→ Ex
S2 Strictness E(cod y)→ Ey
S3 Existence E(x · y)↔ dom x ' cod y
S4 Associativity x · (y · z) � (x · y) · z
S5 Codomain (cod y) · y � y
S6 Domain x · (dom x) � x

Categories: Axioms Set IV
Siv Strictness E(x · y)→ (Ex ∧ Ey) ∧ (E(dom x)→ Ex) ∧ (E(cod y)→ Ey)
Eiv Existence E(x · y)↔ (dom x � cod y ∧ E(cod y))
Aiv Associativity x · (y · z) � (x · y) · z
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Div Domain x · (dom x) � x
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From Monoids to Categories

Axioms Set V simplifies axiom E (and S).
Now, strictness of · is implied.

Categories: Axioms Set V (Scott, 1977)

S1 Strictness E(dom x)→ Ex
S2 Strictness E(cod y)→ Ey
S3 Existence E(x · y)↔ dom x ' cod y
S4 Associativity x · (y · z) � (x · y) · z
S5 Codomain (cod y) · y � y
S6 Domain x · (dom x) � x

Experiments with Isabelle/HOL

• Consistency holds (also when ∃x.¬(Ex)): confirmed by Nitpick.
• Axioms Set V implies Axioms Set IV: Sledgehammer.
• Axioms Set IV implies Axioms Set V: Sledgehammer.

C. Benzmüller & D. Scott, 2018



Demo

C. Benzmüller & D. Scott, 2018



Cats & Alligators

C. Benzmüller & D. Scott, 2018



Cats & Alligators

C. Benzmüller & D. Scott, 2018



Cats & Alligators

Categories: Original axiom set by
Freyd and Scedrov (modulo notation)

A1 E(x · y)↔ dom x � cod y
A2a cod(dom x) � dom x
A2b dom(cod y) � cod y
A3a x · (dom x) � x
A3b (cod y) · y � y
A4a dom(x · y) � dom((dom x) · y)
A4b cod(x · y) � cod(x · (cod y))
A5 x · (y · z) � (x · y) · z

Experiments with Isabelle/HOL

• Consistency? — Nitpick finds a model.
• Consistency when assuming ∃x.¬Ex — Nitpick does not find a model.
• lemma (∃x.¬Ex)→ False: Sledgehammer. (Problematic axioms: A1,A2a,A3a)
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Experiments with Isabelle/HOL

• Consistency? — Nitpick finds a model.
• Consistency when assuming ∃x.¬Ex — Nitpick does not find a model.
• lemma (∃x.¬Ex)→ False: Sledgehammer. (Problematic axioms: A1,A2a,A3a)

When interpreted in free logic, then the axioms of Freyd and Scedrov are flawed:
Either all morphisms exist (i.e., · is total), or the axioms are inconsistent.
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Cats & Alligators

Categories: Axioms Set VI
(Freyd and Scedrov, when corrected)

A1 E(x · y)↔ dom x ' cod y
A2a cod(dom x) � dom x
A2b dom(cod y) � cod y
A3a x · (dom x) � x
A3b (cod y) · y � y
A4a dom(x · y) � dom((dom x) · y)
A4b cod(x · y) � cod(x · (cod y))
A5 x · (y · z) � (x · y) · z

Experiments with Isabelle/HOL

• Consistency holds (also when ∃x.¬(Ex)): confirmed by Nitpick.
• Axioms Set VI implies Axioms Set V: Sledgehammer.
• Axioms Set V implies Axioms Set VI: Sledgehammer.
• Redundancies:
— The A4-axioms are implied by the others: Sledgehammer.
— The A2-axioms are implied by the others: Sledgehammer.
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Cats & Alligators

Maybe Freyd and Scedrov do not assume a free logic.
In algebraic theories free variables often range over exist-
ing objects only. However, we can formalise this as well:

Categories: “Algebraic reading” of axiom set by Freyd and Scedrov.
A1 ∀xy. E(x · y)↔ dom x � cod y
A2a ∀x. cod(dom x) � dom x
A2b ∀y. dom(cod y) � cod y
A3a ∀x. x · (dom x) � x
A3b ∀y. (cod y) · y � y
A4a ∀xy. dom(x · y) � dom((dom x) · y)
A4b ∀xy. cod(x · y) � cod(x · (cod y))
A5 ∀xyz. x · (y · z) � (x · y) · z

Experiments with Isabelle/HOL

• Consistency holds (also when ∃x.¬(Ex)): confirmed by Nitpick.
• However, none of V-axioms are implied: Nitpick.
• For equivalence to V-axioms: add strictness of dom, cod, ·, Sledgehammer.
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Cats & Alligators

Maybe Freyd and Scedrov do not assume a free logic.
In algebraic theories free variables often range over exist-
ing objects only. However, we can formalise this as well:

Categories: “Algebraic reading” of axiom set by Freyd and Scedrov.
A1 ∀xy. E(x · y)↔ dom x � cod y
A2a ∀x. cod(dom x) � dom x
A2b ∀y. dom(cod y) � cod y
A3a ∀x. x · (dom x) � x
A3b ∀y. (cod y) · y � y
A4a ∀xy. dom(x · y) � dom((dom x) · y)
A4b ∀xy. cod(x · y) � cod(x · (cod y))
A5 ∀xyz. x · (y · z) � (x · y) · z

Experiments with Isabelle/HOL

But: Strictness is not mentioned in Freyd and Scedrov!
And it could not even be expressed axiomatically, when variables range over of
existing objects only. This leaves us puzzled about their axiom system.

Hence, we better prefer the Axioms Set V by Scott (from 1977).
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I intermediate lemmata
I switched from Z3 to CVC4
I etc.
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Some Reflections

I Domain expert (Dana) — tool expert (myself) — proof assistant (Isabelle) ?
I Automation granularity much better than expected
I Only initially ATPs found proofs which Isabelle could not verify
I Due to use of “smt”-tactic our document is not (yet) in AFP
I Removing certain axioms from proof attempts often useful (associativity)
I Issues in Sledgehammer

I Z3 may give false feedback: “The generated problem is unprovable”
I Z3 ran into errors: “A prover error occurred ... (line 82 of General/basics.ML)”
I SPASS ran into errors: “An internal error occurred”

I CVC4 seems to perform best in this application domain
I Overall: strengths of ATPs surprisingly complementary; they all contributed
I Most valuable tool: Nitpick (but results should be better presented)
I Very useful: flexible support in GUI of Isabelle
I Very useful: Production of latex documents out of Isabelle
I Further remark: No definitional hierarchy used in our experiments
I Proof assistant (in combination with ATPs and Nitpick) strongly fostered the

intuitive exploration of the domain instead of behindering it
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Conclusion

Interesting and useful exploration study in Category Theory

First implementation and automation of Free Logic

HOL utilised as (quite) Universal Metalogic (via SSE approach):
I Lean and elegant approach to integrate and combine heterogeneous logics
I Reuse of existing ITP/ATPs, high degree of automation
I Uniform proofs (modulo the embeddings)
I Intuitive user interaction at abstract level
I Approach very well suited for (interdisciplinary) teaching of logics

Lots of further work

I Philosophy, Maths, CS, AI, NLP, . . .
I Rational Argumentation
I Legal- and Ethical-Reasoning in Intelligent Machines
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